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1. Introduction 
In this paper we consider the energy critical non-linear wave equation 

d 2 u - Au = ± \u\^ u (x,t)eR N xR 



u\ t=0 = u e m 



N ) 



Here the — sign corresponds to the defocusing problem, while the + 
sign corresponds to the focusing problem. The theory of the local 
Cauchy problem (CP) for this equation was developed in many papers, 
see for instance |25|, 0, EH, HH, EH, ED, [13 etc. In particular, 
one can show that if ||(mq, ui)\\^ 1xL2 < 5, 8 small, there exists a unique 
solution with (u, d t u) G C(R; H 1 ^ 1 *) x L 2 (R N )) with the norm 

lid 2(jv+i) < OO 

j N-2 

(i.e., the solution scatters in H 1 ^) x L 2 (R N )). See section 2 of this 
paper for a review and an update of the results. 



In the defocusing case, Struwe [31] in the radial case, when N = 3, 
Grillakis [XT] in the general case when N = 3, and then Grillakis 12\, 
Shatah-Struwe [28J, 2!)]. EH] (and others in higher dimensions, 
proved that this also holds for any (w ,wi) with ||(iio, m i)I_h-i x l 2 < 00 
and that, (for 3 < iV < 5) for more regular (u ,Ui) the solution pre- 
serves the smoothness for all time. This topic has been the subject 
of intense investigation. See the recent work of Tao El] for a recent 
installment in it and further references. 



The first author was supported in part by NSF and the second one in part by 
CNRS. Part of this research was carried out during visits of the second author to 
the University of Chicago and I.H.E.S. and of the first author to Paris XIII.. 
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In the focusing case, these results do not hold. In fact, the classical 
identity 



2 



(1.1) % I KM)I 



2 



•IN 



(d t uY - |V< - \u(t)\^~- 



(see the work of H. Levine and also sections 3 and 5) was used by 
Levine j20] to show that if (uo,U\) G H l x L 2 is such that 

f 1 9 1 9 (N - 2) 2N 

e{(u , Ui )) = J -|v«o| 2 + -K| -^kr <o, 

the solution must break down in finite time. Moreover, 

1 



W(x) = W{x,t) 



\x\ 2 



(jV-g) 



1 N(N-2) 

is in H 1 (M N ) and solves the elliptic equation 

AW+\W\^ W = 0, 

so that scattering cannot always occur even for global (in time) solu- 
tions. 

In this paper we initiate the detailed study of the focusing case (see 
also [19J for an interesting recent work in this direction). We show: 

Theorem 1.1. Let (uo,Ui) e H 1 x L 2 , 3 < N < 5. A ssume that 
E{(uo,Ui)) < E((W,0)). Let u be the corresponding solution of the 
Cauchy problem, with maximal interval of existence 
I = (— T_(m , ui), T + (u , u\)) . (See Definition\EU3) Then: 

i) If J\Vu \ 2 < J\VW\ 2 , then 

I = (— oo, +oo) and \\u\\ 2<n+i) < oo. 

t N-i 

ii) If J|Vm | 2 > J\VW\ 2 , then 

T + (u ,ui) < +oo, TL (1*0,1*1) < +00. 

Our proof follows the new point of view into these problems that 
we introduced in ^5], where we obtained the corresponding result for 
the energy critical non-linear Schrodinger equation for radial data. In 
section 3 we prove some elementary variational estimates which yield 
the necessary coercivity for our arguments and which follows from ar- 
guments in |16j. In section 4, using the work of Bahouri-Gerard j3] 
and the concentration compactness argument from ^E] we produce a 
"critical element" for which scattering fails and which enjoys a com- 
pactness property because of its criticality. (Propositions 14. II and 14.21 ) 
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At this point, we show a crucial orthogonality property of "critical 
elements" related to a second conservation law in the energy space 
(Proposition 14.101 and Proposition 14.11(1 which exploits the finite speed 
of propagation for the wave equation and its Lorentz invariance. This 
is the extra ingredient that allows us to go beyond the radial case as 
in PHI- I n sections 5 and 6 we prove a rigidity theorem ( Theorem 15.1(1 . 
which allows us to conclude the argument. The first case of the rigid- 
ity theorem deals with infinite time of existence. This uses localized 
conservations laws of the type (1.1) and related ones, very much in the 
spirit of the corresponding localized virial identity used in [TSj. The 
second case of the rigidity theorem deals with finite time of existence. 
This case is dealt with in [TB] through the use of the L 2 conserva- 
tion law, which is absent for the wave equation. We proceed in two 
stages. First we show that the solution must have self-similar behav- 
ior (Proposition 15.7(1 . Then, in section 6, following Merle-Zaag ([23 ) 
and earlier work on non-linear heat equations by Giga-Kohn ([8 ), we 
introduce self-similar variables and the new resulting equation, which 
has a monotonic energy. We then show that there exists a non-trivial 
asymptotic solution w*, which solves a (degenerate) elliptic non- linear 
equation. Finally, using the estimates we proved on w* and the unique 
continuation principle, we show that w* must be zero, a contradic- 
tion which gives our rigidity theorem. In section 7 we prove our main 
theorem as a consequence of the rigidity theorem. 

Finally, we would like to point out that we expect that our arguments 
will extend to iV > 6, using arguments similar to those in the work of 
Tao-Visan (2Zj for the local solvability in time of the equation and the 
corresponding extension of the work of Bahouri- Gerard (the rest of 
argument is independent of the dimension). 



2. A REVIEW OF LINEAR ESTIMATES AND THE CAUCHY PROBLEM 

In this section we will review the theory of the Cauchy problem 



(CP) 




i.e. the H 1 critical, focusing Cauchy problem for NLW, and some of the 
associated linear theory. We start out with some preliminary notation 
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and linear estimates. Consider thus 

(x, t) G R N x 



dfw — Aw = h 



(LCP) 



w 



t=0 



wq e H 



,^L =0 =^ieL 2 (M w ) 



the associated linear problem. The solution operator to (LCP) is given 
by: 



w 



(x,t) = cos(tv /= A)w + (-A) 1/2 sin(tv /= A; 



+ 



sin((t-s) v /z A) 



^A 



S(t)(w ,w 1 ) 



sin 



h(s)ds 

((t- 3 )y/=5) 



h(s)ds. 



Lemma 2.1 (Strichartz estimates [21], JH])- There is a constant C, 
independent of T, such that 

SUp + |9 t w(t)| i2 ) + ||w|| Wj i 2W+1) 

\\dtW\\ 2(iV+l) j 2(]V+1) + |w| ag+jj 2(JV+1) + ||w|| JV+2 2(JV+2) 
_ JV _ 2 Jy _ 2 , , . 



JV-2 r JV-2 



< C 



I w o1hi(K^ + |Fl|i2(Rjv) + \\h\\ aw+i) i W) 



Lemma 2.2 (Trace Theorem). Lei w$,Wi, h,w be as in Lemma \2. 11 
Then, for \d\ < 1/4, 



sup 

t 



+ sup 

i 



V X W 

d t w 



X\ — 


dt 




d 2 ' 


( Xi - 


- dt 



. i — axi 

x , , 



.VT^d 2 VT^d? 



L 2 {dx x dx') 



< C {iWoljjiQfcjV) + |^i|l2( R ]V) + I^lzjLg 



Proo/. Let t»(x,t) = C/(t)/ be given by v(£,t) = e ft KI/(£), with / G L 2 . 
We will show that 



sup 

t 



x\ — dt . t — dx\ 

V I . , X , 



<C\ 



iP-(dxxdx') 



II £2 , 
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which easily implies the desired estimate. But 



so that 



x\ — dt , t — dxi 



e iMti-d\t\)/VT^ e ix\e e -idt(i/VT^ e it\(\/V^ 



-I 



where g t (£) = e -^/VT^d? e it\n\/VT^ f^y We now define ^ = ^=g|, 
i]' = £' and compute 

1 ... 

det 1 ... 



drj 



di 





1 for \d\ < 1/4. 



The result now follows from Plancherel's Theorem. 

Remark 2.3. A density argument in fact shows that 
Xi — dt , t — dx\ 



□ 



t 1— > w 



--, x , 



and similarly for d t w. 



e C 



(R; H 1 (R N ,dx u dx')^ 



Remark 2.4. Let F(u) 



\u\ 



u, then clearly for 3 < iV < 6, 



JV+2 



\F(u)\<\u\~, |(VF)(u)| < C|up , 
|(VF)(«) - (VF)(u)| < C |u - u| ||u|£=5 + , 

|V a (F(u(x))) - V x (F(u(x)))| <C|u(x)|^ |V«(x) - Vu(a;) 

f 6-JV 6-JV 

+C |Vi>(z)| <^ \u\ N ~ 2 + \v\ N - 2 >\u-v\. 
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We will need also a version of the chain rule for fractional derivatives 
(see 0, PH, E3)- 

Lemma 2.5. Assume F(0) = F'(0) = and that for all a,b 

\F'(a + b)\ <C{\F'(a)\ + \F'(b)\} , \F"(a + b)\ <C{\F"(a)\ + \F"(b)\} 

We then have, for < a < 1 

\\D a F(u)\\ LPx <C\\F'(u)\\ LPxl \\D a u\\ L r 2 , 
where - = — + — , 1 < Pi < oo and 

P Pi P2 ' ^ l 

\\D a (F(u) - F(v))\\ l p <C{\\F'(u)\\ Lll + rai^Jl^u-t;)^ 

+C{\\F"{u)\\ L7 + \\F"{v)\\ l7 }{\\D«u\\ l7 + \\D a v\\ L7 } \\u-v\\ L r 3 , 
where - = — + — + —, 1 < r, < oo, 1 < p < oo. 

Remark 2.6. In our application of Lemma \'2. 51 we will have 

F(u) = \u\^ u, 3 < N < 5, and F'(u) = C N \u\~^ , 

F"(u) = C N sign(u) \u\ N ~ 2 = C N sign(u) \u\ N ~ 2 . 
We will choose p = 2 ff + * } , p 2 = T^rrr, so that i 



l i 



(7V+3) ' ^ (N-l) ' pi p p 2 AT+1' 

r 3 = 2^1, r2 = ^±i) th t ± = i_±_± = e^v Notice that 

J N—2 ' ^ JV— 1 ' n p r2 r3 2(iV+l) 

piiv32 = ¥Sr; f^l r i = ^Sr- Let us now define the 5 ( J )> W ( J ) 

norm for an interval I by 

H ?rn = \\ v \\ jffljl 2(iv+i) and k> w m = M j(jw) 2(iv+i) . 

°V> r N-2 j N-2 »vv(i) » N-i t «-l 

±j j J^ x l^j Li x 

Theorem 2.7 (See |25|, 0, H3)- Assume (u ,ui) e H 1 x L 2 , e I 
an interval and \\(uq, 'Ui)||^i xi 2 < A. Then, (for 3 < N < 5) there 
exists 5 = 6(A) such that if 

IS(f)((«o,ui))| S (D<*, 
i/iere exists a unique solution u to (CP) in M x /, with (u, dtu) G 



D l J 2 u 



d t D x l,2 u 



< +oo, \\u L m < 25. 



+ 

Moreover, if (uq^,u\^) — > (wo,wi) as k +oo m i/ 1 x L 2 (so t/iat, 
/or A; /arge ((«o, M i))lsm < $)> the corresponding solutions as 

k — > +oo (u k ,d t (u k )) — >■ (u,d t u) in C(F,H 1 x L 2 ). 

Sketch of the proof. (CP) is equivalent to the integral equation 

u(t) = S-(t) ((«o,«i)) + f S -^^^-F(u)(s)ds, 

Jo 
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where F(u) = \u \ N ~ 2 u. We let 

B af) = ji; on R N x / : \\v\\ s{1) < a and ||I£ /2 t;|| W(I) < 0} 



"* sin (it — sW- Al 
*(«o,«i)(«) = ^)(uo,ui)+ / VV >-F{v){s)ds. 



o 



We will next choose 5, a, 6 so that $( U0 , Ul ) : -B a ,& — ► B a j> and is a con- 
traction there. Note that, by Lemma f2. 11 

I Dl^uo^iv) || W(I) <CA + C\\F{v)\\ i 2(^0 



But, by Lemma f2. 51 



2(iV+l) 
T (iV+3) 



is bounded by 



CIF'^I iv+x||L>y\|| 2( iv + i) <CH^ +1) \\D l J 2 v\\ W) , 



r (N-l) 
J^x 



so that 

4 

||-^ ) X //2 -^(' U )|| 2(N+1) 2(N+1) < C ||f I ^"(JV+l) 2(JV+1) ||-^ ) x' /2t '|| 2 ( JV + 1 > gH+jj 
. (iV+3) , (JV+3) jV-2 f JV-2 r P?=l) T (N-l) 

^x L,j L x l^j L<x 

4 

^ c \ v \s(i) \ D H 2v \w(i) ■ 
Hence, for v 6 -B aj 6, 

|^i /2 *(«o,t.O (v)\\ w{X) < CA + Ca^b. 

Similarly, using Lemma 12.11 for the second term in Q( Uo , Ul ), and the 
argument above, together with our assumption on (it , U\) for the first 
term, we obtain: 

| $ («o,«i)ls(/) ^ 6 + Ca^b. 
Next, choose b = 2AC ', a so that Ca~ < \. Then, 



| £> y 2$ («o,ui)(v)| ww < b. 



If 5 = a/2 and Cai^^b < 1/2 (possible if JV < 6) we obtain 
|^(«o,«i)( w )||5(7) < a ; so tliat $ («o,m) : ^ -> £ a ,6- Next, for the 
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contraction, we again use Lemma 12. II and Lemma I2.f>[ to see that: 



\\ D l' 2 (3Wi)M -^(«o,«o(«'))| 
<C\\D^(F(v)-F(v'))\ 



W(I) 



+ $ 



(lt ,Ml 



)0 



(«0,«1 



)K)|| 



5(7) 



2(iV+l) 2(iV+l) 
(iV+3) T (JV+3) 



< c 




+ \\v 



4 

/II JV-2 



I 2(JV+1) 2(JV+1) 
r JV-2 r JV-2 



l-D^lf - 2(JV+1) 2(JV+1) + 



r (JV-1) r (JV-1) 



6-JV 
I JV-2 

I 2(JV+1) 2(JV+1) 

j JV-2 r JV-2 



+ v 



6-JV 
/II JV-2 



I 2(JV+1) 2(iV+l) 
j N-1 T JV-2 




d!/ 2 



+ii^yvi 



2(JV+1) 2(JV+1) 
(JV-1) r (Af-1) 



< 2Ca^ \\D l J 2 ( 



v — v 



V \\ 2(JV+1) 2(JV+1) 
r (JV-1) T (JV-1) 



f — V 2(JV+1) 2(JV+1) 
r JV-2 T JV-2 

6— JV 



iw(j) 1 u" " Ii5(/) 

and the contraction property follows for iV < 6. We then find w G -B a ,fe 
solving $( UoiUi )(m) = u. To show that (u,d t u) G C(I;H l x L 2 ) we use 



2(JV+1) 2(JV+1) 



Lemma O together with the fact that D l J 2 F(u) G L/ JV+3) L x (Ar+3) . 
This also shows that d t Dx 1 ^ 2 u G The continuity statement at 

the end is an easy consequence of the fixed point argument, so that the 
proof is complete. 



JV+2 r, (JV+2) 
JV-2 



because of Lemma 12.11 and the fact 



Remark 2.8. u G Lf~ 2 L x 

2(JV+1) 2(JV+1) 

that D l J 2 F{u) G Lj (n+3) L x (n+3) . Note that because of this and the 
integral equation, the conclusion of Lemma 12.21 holds for u, provided 
the integrations on the left hand side are restricted to (x,x',t) G ~$L N 

so that (^a/,^) ER N xL 

Remark 2.9 (Higher regularity of solutions, see for example [H]). If 
(uq, Ui) G (H 1 P) H H^ 1 ), < fi < 1, and (u ,Ui) verifies the condi- 
tions in Theorem E3 then (u, d t u) G C(J; H 1 f| x if*) and 



,+ii^ /2 



.+ tor 1/2 



M\d t D-^ 



u\ 



< oo, 



\W(I) 1 II » IIVK(7) 1 II 1 a II W(J) 1 II 1 f II W(J) 

1^1 5(/) < 25. (In this result we also need to use the assumption 3 < 
N < 5). 
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Remark 2.10. There exists 5 such that if \\{u , «i)||#i xL 2 < 8, the con- 
clusion of Theorem 12.71 applies to any interval /. In fact, by Lemma 
12.11 \\S(t)(u , Uijlgu^ +oc ^ < C5 and the claim follows. 

Remark 2.11. Given (uq, u{) G H 1 x L 2 , there exists (0 e)J such that 
the hypothesis of Theorem 12.71 is verified on /. This is clear because, 
by Lemma EIH \\S(t)(u , Ui)\\ s ^ < +oo. 

Remark 2.12 (Finite speed of propagation, see for instance [SD])- Let R 
denote the fundamental solution of the Cauchy problem, i.e. R solves 

{{d 2 t - A x )u = (x,t) eR N xR 
<=o= 
d t u \t=o= 

where 5(x) is the Dirac mass at 0. Then, we can write the solution of 
(LCP) in the form 

w(t) = d t R(t) *w + R(t) *w 1 - f R(t-s)* h(s)ds } 

Jo 

where * denotes convolution in the spatial variable. As is well known, 
supp C B(0 ,t) and supp &R(-,t ) C B(0,t). Thus, if 
suppu C c B(xo,a), suppwi C c B(xo, a) and 
supp h C c ^Uo<t<a B{ x 0i a — t) x (a — t) J , we have 

w = on [B(x , a — t) x (a — t)) . 

0<t<a 

These remarks have immediate consequences for the solutions of 
(CP) given in Theorem 12.71 In fact, suppose that (wo,wi), ( u 'o, u 'i) are 
data verifying the conditions of Theorem 12.71 and such that (uq,Ui) = 
(u' , Ui) in B(x ,a). Then, the corresponding solutions u, v! agree 
on Uo<t<a [B{xo, (a - t)) x (a - t)] f| {R N x i}. To see this, for n e 

N, define u^ n+1 \x,t) = S(t) ((«<,, «i)) + /* M^^lp ( u (n)) ds (for 

n = 0, we set u^°\x,t) = S(t) ((u , «i)))- We define correspondingly 
u'( n+1 \x, t). The proof of Theorem 12.71 gives us u = lim n w^ and 
v! = lim n -u'( n ). The previous remarks allow us to show inductively 
that w( n+1 ) = w'( n+1 ) on Uo<t<a i B ( x o, (a - *)) X (a - *)] D { rN x j }> 
which establishes the claim. Typical applications of this remark are 
the following: 

a) If supp(uo) C 5(0,6), supp(tti) C B(0,b) and (u ,Ui) verifies the 
hypothesis of Theorem 12.71 then 

u(x, t) = on {(x, t) : \x\ > b + t, t > 0, t E 1} . 
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b) We can approximate solutions u in R x I', I' CC I by means of 
regular, compactly supported solutions, combining a), Remark 12.91 and 
the last statement in Theorem 12.71 



Similar statements hold for t < 0, for instance if (w , U\ 



u q ,u x ) m 



B(x 0} a) then u, v! agree on U- a <t<o [-^( x o, (a + t)) x (a + t)} f] M. x /. 

Definition 2.13. Let to G ^- We say that u is a solution of (CP) in J if 
(u,d t u) G C^iY 1 ^) x L 2 ), D X J\ G W(7), u G S(I), {u,d t u)\ t=to = 
(u , Ui) and the integral equation 



u(t) = S(t)((u ,u 1 )) + 



sin ((t - s) v /z A) 



to 

holds, with = \u\^ u, for x G R N , tel. 

Note that if vP~\ are solutions of (CP) on I, and 
<9 tW M(t )) = {u^(t ),d t u^(t )), 



F(u(s))ds 



then -u^ 



on 



DiV 



X 



/. (See the argument in j!6j . Definition 2.10). 



This allows one to define a maximal interval 

I((u ,ui)) = (t -T_((u Ql ui)),t + T + ((u ,Ui))) , 

with T ± ((m ,Mi)) > where the solution is defined. If T\ > t — 
T_((u ,Ui)) and T 2 < t + ^+( M o), G (T 1; T 2 ), then w solves (CP) in 
x [Ti,T 2 ], so that 



G C([T 1 ,T 2 ]; fPxL 2 )), D l J 2 u G ^([T 1; T 2 ]), u G 5([T 1; T 2 ]), 



(jy+2) / 2 LE+21 
ueL— [T 1; T 2 ];L,-- 2 



5(7) 



< 5 and 



Remark 2.14. If u is such that (u,d t u) G C(J; H l xL 2 ), 

there exist Wj with {uj,d t {uj)) G (7(1; if 1 x L 2 ), (uj,d t (uj)) — > (u,d t u) 
in C(J; H 1 xL 2 ), with u,- a solution of (CP) in 7 together with |u 



ill 5(7) 



< 



73, then 



n l/2 



follows by showing that 



< +oo and m is a solution of (CP) in I. This 



n 1 / 2 



W(I) 



< B', where B' is independent of 



j. To show this, first find A so that sup tgJ \\(uj, d t (itj) 



all j. Next, partition / = \J k=l Ik, where Ik is such that \\u 
where 5 = 6(A) is to be chosen. Note that M = M(B, 5). We then use 
the integral equation for Uj, and the estimate 



< A, for 



ill 5(/ fc ) 



< 5, 
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\\Dll 2 F{ Uj )\\ 2( iv + i) 2( iv + i) < OS—* \\D l J 2 u 



-w v T±J ^v 1 " T±l — w ^ 1 1 — — rrr w 1 w/r \ 

r (JV+3) r (JV+3) 11 • y| W(-'fcJ 



(see the proof of Theorem 12 .7|) . so that 

II x J \\w{i k ) — \\ & ■> \\W(I k ) 



Thus, for 5 small we obtain 
obtain the desired bound. 



D x ' Uj 



< 2CA and adding in k we 

W(I k ) 



Lemma 2.15 (Standard finite blow-up criterion). IfT + ((u ,Wi)) < oo ; 
then 

I u ls([t ,t +r + (« ,«i)]) = +°°- 
A corresponding result holds for T_ ((u , «i)). 

The proof is similar to the one in Lemma 2.11 of [To] . 

Remark 2.16 (Energy and moment identities). Let (uo, U\) G H 1 x L 2 
and let G / be the maximal interval of existence. Then, for t G /, 
with i = I - i (2* = ^), we have 

E(u{t),d t u(t)) = [ \\d t u{x,t)\ 2 + \\V x u{x,t)\ 2 -^\u{x,t)f dx 

J R N III 

= £?((%%)), 

and 

(2.2) y V x u{x,t)d t u{x,t)dx = J Vu ui. 

Proof. Let e(u)(x,t) = \{d t u) 2 {x,t) + ~ 1 V x .w(x, t)| 2 — ^|w(x,t)| 2 . 
Then, for sufficiently smooth solutions of (CP) we have 

N 

(2.3) d t e(u)(x,t) = J~] d x . (d Xj u(x,t)d t u(x,t)) , 
as is readily seen. Now, fix any I' CC /, so that U^Hgrm < +oo. By 



dividing I' = U fc=1 /jfc, with |w| S( 7 \ < 5(A), where 



A = sup l(w(t),^u(*))||Hi xL3 , 
te/' 

we can use Theorem 12.71 to approximate u by compactly supported 
solutions in R N x I k (see Remarks EH EH2} • We then apply (J2I3J) and 
integrate by parts, and then pass to the limit, for t G Ik- The proof of 
second equality is similar. □ 
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Lemma 2.17. Let (u ,Ui) G H 1 x L 2 , \\(u ,Ui)\\ I } lxL2 < A with max- 
imal interval of existence I = (— T_(m , Ui), T + (m , There ex- 
ists €q > so i/iai ; if for some M > and < e < eo, we /iave 

i|x|>M |V :c Mo| 2 + ^- + |«i| 2 < e, then fort G 1+ = [0, oo)f|/ ; we /jave 
/ |V x u(a;,t)| 2 + \d t u(x,t)\ 2 dx < Ce. 

J\x\>%M+t 

Proof. Choose * M = 1 for |x| > |M, # M = for \x\ < M, \V X ^ M \ < 
C/M. Define uo,m = ^m^o, U\ t M = ^mUi. Because of our assumption, 
we have |(mo,m, ui,m)\hi xL 2 < Ce. Choose now eo so small that Ceo < 
5, where S is as in Remark 12.101 Then, there exists um solving the (CP) 
in I = (— oo, +oo), with (wjy(0), d t UM(0)) = (^o,m, Wi,Af) and such that 
su Pte(-oo,+oo) W(u M (t),dtU M (t))\\ HlxL2 < 2Ce. But, by Remark EI21 
UM(x,t) = u(x,t) for |x| > + 1, t E I + . The Lemma follows. □ 

Definition 2.18. Let (t>o,t>i) e H 1 x L 2 , v(x,t) = S(t)((v ,vi)) and let 
{t n } be a sequence, with lim^ootn = i G [— oo, +oo]. We say that 
u(x,t) is a non-linear profile associated with ((i> , i>i), {t n }) if there 

o 

exists an interval /, with t G I (if t — ±oo, J = [a, +oo) or (— oo, a]) 
such that a is a solution of (CP) in I and 

lim \\{u(t n ) - v(t n ), d t u(t n ) - d t v(t n ))\\ H1 L2 = 0. 

n — >oo 

Remark 2.19. There always exists a non-linear profile associated to 
((^o, Vi), {t n }). The proof is similar to the one in [TE], Remark 2.13, 
once we use the proof of Theorem 12.71 and the linear estimates, (with 

w(x, t) = sm ^ - y =y— - h(s)ds, I = (a, +oo), a > 0) 

sup |(w(t),9tw(t))|ji xi 2 + 

< 



which follow from JU|, Proposition 3.1, (2) and (3). Also, as in [T^], Re- 
mark 2.13, we have uniqueness of the non-linear profile and a maximal 
interval of existence of the non-linear profile associated to ((vq,vi), {t n })- 

Theorem 2.20 (Long time perturbation theory, see also [37], [To]L 
Let I C R be a time interval. Let t G I, (w ? M i) G H 1 x L? and 
some constants M,A,A' > 0. Let u be defined on R w x I (3 < N < 
5) and satisfy sup teJ \\(u(t), d t u(t))\\^ lxL2 < A, |it(i)| 5(/) < M and 



\ D l W \\w(I) + MU(J) 



c 



2(N+1) 2(JV+1) 
(iV+3) ^ ' (iV+3) 
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Dl /2 u{t) 



W(I') 



< oo for each I' CC 7. Assume that 



(df - A x )(u) - F(u) = e, (x, t) G W x 7 
(in the sense of the appropriate integral equation) and that 

\{u - u(* ),ui - d t u(h))\\ H i xL 2 < A', 
\\Dl /2 e\\ 2(jv+i) 2 ( iv+i) +\\S(t-to)((u -u(t ),ui - d t u{t )))\\ sm < e, 

11 11 r (JV+3) r (JV+3) W 

Then there exists eo = €q(M, A, A') such that there exists a solution 
of (CP) in I with (u(t ) , d t u(t )) = (u ,Ui), for < e < e , with 



\\u\ 



S(I) 



< C(M, A, A') and Vt G 7, 

(u(t), d t u(t)) - (u(t), d t u(t))\\m xL 2 < C{A, A\ M)(A' + e). 



The proof is analogous to the one given in ^H], Theorem 2.14, using 
the ideas in the proof of Theorem 12.71 

Remark 2.21. Theorem 12 . 2( II yields the following continuity fact, which 
will be used later. Let (u ,ui) G H l x L 2 , \\(u ,Ui)\\^ lxL2 < A, let u 
be the solution of (CP), with maximal interval of existence 

(-T_((tto, T + ((u , Mi))). 

Let (u^\ Ui^j — >■ (tto, Mi) in Tf 1 x 7 2 and let be the corresponding 
solution of (CP), with maximal interval of existence 

(-T_((^,t4 n) )),r + ((t4 B \«W))). 

Then 

T_((fi 0l ii 1 )) ^hmT^U^)), T + ((S , Ul )) <limT + ((4 n Ui n) )) 
and for each t G (—T_((uq,Ui)),T + ((u ,ui))) we have 

(« (n) (t),d t «W(t)) -> (u(t),d t u(t)) in 77 1 x 7 2 . 
Indeed, let 7 CC (— T_((u , Ui)), T + ((« , Wi))), so that 



sup \\(u(t),d t u(t))\\ Hl 



tei 



H 1 xL 2 



< A, 



t^lgm < M < +oo. 



We will show that, for n large, vS n ^ exists on 7, and that 
sup \\(u^(t),d t u^(t))-(u(t),d t u(t))\\ m 



tei 

< C(M, A) 



xL 2 



l«o,«i, 



H^xL 2 
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1 5(7) 



and additionally, \\u^\ 

EH with u = u {n \ (uo,Wi) 
and n is large enough that 

5(0((«o-4 n Ui-^ n) )) 



< M(A, M). To show this, apply Theorem 
e = 0. If e = e {M,A,2A) 



On) (n) 
, U 1 



S(I) 



< e, 



u, 



"i 



H 1 xL 2 



< 2A, 



the desired conclusions follow from Theorem 12.201 Note also that if we 
choose Uq, in C^(R N ) } the approximating solutions will be 
regular in view of Remark 12.91 and for t & I will have compact support 
in x, in view of Remark 12.121 and will verify 



I" II s(i) - m - 



Remark 2.22. If u is a solution of (CP) in R N x J, for each V CC I, 
I = [a, +oo) (or / = (— cxi, a]), such that |w| 5( 7) < x, there exists 



(uq,Ui) e H 1 x L 2 such that 

lim \\[(u(t),d t u(t)) ~ (S(t)(ut,ut),d t S(t)(u+,ut))]\\ H1 

t|+oo 

See Remark 2.15 in |3] fo r a similar proof, based on the fact, in 



xL 2 



0. 



our case, that 



Dl /2 F{u) 



111 



the proof of Remark 12.191 



2(JV+1) 2(iV+ 
(JV+3) T (AT+3) 



i) < oo and the inequality used 



Remark 2.23. We recall that, since we are working in the focusing case, 
from the work of Levine (j2Dl> P3 ) we have that if (uo,Ui) G H 1 x L 2 
is such that E((u ,ui)) < 0, then the maximal interval of existence is 
finite. We will return to the issue of break-down in finite time (blow- 
up), in the next section and at the end of the paper. 



Let W(x) 



3. Variational estimates 
W(x,t) = — (n-w be a stationary solution of 



[2 



(N-2) 
1 



(CP). That is W solves the non-linear elliptic equation 



(3.1) 



AW + \W\^ W = 0. 



Moreover, W > and it is radially symmetric and decreasing. Note 
that W G H 1 , but W need not belong to L 2 , depending on the dimen- 
sion. By invariances of the equation (|3.1|) . for G [— ir, tt], A > 0, 



(jv-g) 



x G R N , We 0iX(h \ Q (x) = e ie °X 2 W(X (x - x )) is still a solution of 
(13. lj) . By the work of Aubin 3 , Talenti [SH] we have the following 
characterization of W: 



(3.2) 



Vw G H 1 



\\u\ 



L 2 



* < Cm llVlt 



\\L 2 > 
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moreover, 
(3.3) 

If \\u\\ L 2* = C N \\Vu\\ L 2 ,u^0, then 3(0 O , A , x ) ■ u = W 9(hXoM , 

where Cn is the best constant of the Sobolev inequality ()3.2|) in dimen- 
sion N. 

Remark that f | VW^| 2 = -4v and S(W) = jj-fkr, where 



S(u) 



^ IV7 I 2 I 1 2* 

- Vw it 

2 i i 2* 



Indeed, the equation (JSHJ) gives / |Viy| 2 = j \W\ T . Also, Q yields 

/ \ JV ~ 2 (iV-2) 

^/|V^| 2 = (/|iy| 2 *) " , so that I W| 2 = (/ | W| 2 ) 2 . 
Hence, / |VTV| 2 = ^ and = (§-£)/ | W| 2 = 

Lemma 3.1. Let u e H 1 ^) be such that for 5 > 0, 

\\Vuf L2 < \\VW\\ 2 L2 and £{u) < (1 - 8 )E(W). 

Then there exists 5 = 8(8q) > such that 

I Vu\\ 2 < (1 - 8) \\VW\\ 2 L2 and £{u) > 0. 

Proof. It is contained in Lemma 3.4 of [16J. □ 

Corollary 3.2. If u is as in Lemma VTT\ then there exists C~ & > so 
that 

|Vw| 2 - \uf >Cj [ IVmI 2 . 



Proof. Note that ()3.2|) implies that 



IV7 |2 I 1 2* 

V« — \u\ 



> 



> 



> 



\Vu\ 2 - C 
|Vu| 2 

|Vu| 2 



\u\ 



1-^ 



|V«| 



2 ' 
JV-2 



l-C 2 N (l-5)—z / |VW| 



2 ' 
AT-2 



^v- — — ^r, so that the corollary 

N 



by LemmaO But (/ | VW\ 2 ) N ~ 2 - 1 

follows with Cj = [1 - (1 - 5)^]. 
Corollary 3.3. Le£ u E H 1 , \\Vu\\ l2 < \\VW\\ L2 . T/ien £(«) > 0. 



□ 
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Proof. If £(u) < 8(W) = TfTWi the claim follows from Lemma I3~T1 If, 
on the other hand 8{u) > ^(W 7 ), the statement is obvious. □ 

Remark 3.4. Let u G ii 1 (R iV ) be such that £(«) < (1 - 6 )£(W). 
Assume that |Vm||^ 2 > |VW|^ 2 • Then there exists 6 = 5(5q,N) such 
that 

\\Vuf L2 > (1 + 6) \VWf L2 . 

The proof of this is similar to the one of Lemma f3. 11 See Remark 3.14 
in HHJ. 

Theorem 3.5 (Energy trapping). Let u be a solution of (CP), with 
(u, dtu) | = (uq,ui) G H 1 x L 2 and maximal interval of existence L 
Assume that, for 6q > 0, 

E((u Q , Ul )) < (1-5 )E((W,0)) and \\Vu f L2 < \\VW\\ 2 L2 . 

Then, there exists 6 = 6(6q) such that, for t G I , we have 

(3.4) \\V x u(t)\\li < (l-^IV^ga 



(3.5) 



/ \v x u(t)\ 2 -Ht)f >c~ s 



\V x u(t)\' 



(3.6) 



£(u(t)) > (and hence E((u(t), d t u(t))) > 0). 



Proof. By Remark EH E((u(t), d t u(t))) = E((u ,Ux)), t G /. Also, 
£(u(t)) < E((u(t),d t u(t))). Thus, the Theorem follows from Lemma 
13.11 Corollary 13.21 Corollary 13.31 and a continuity argument. □ 

Corollary 3.6. Let u be as in Theorem \3.5\ Then for all t & I we 

have E((u(t),d t u(t))) ~ \\(u(t),d t u(t))f HlxL2 ~ ||(w 0) «i)||^i xi 2, with 
comparability constants which depend only on 6q. 

Proof. For t G I, E((u(t), d t u(t))) < \\(u(t),d t u(t))\\ 2 HlxL2 . Also, 



E((u(t),d t u(t))) = - 

>\ j (d t u(t)f + c- 5 
Finally, E((u(t),d t u(t))) 



(d t u(t)) 2 + S(u(t)) 
\V x u(t)\ 2 -Ht)\ r 
\V x u(t)\ 2 . 

E((m ,mi)) ~ |(w ,Wi)|^i xX 2 • 



o-^T l«(*)l 



□ 
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Theorem 3.7 (Finite time blow-up, see also Remark I2.23j) . Assume 
that (uq, Mi) G H 1 x L 2 , uq G L 2 and that u is the solution of (CP) with 
maximal interval of existence I. Assume that E((uo,u±)) < E((W, 0)) 
and J |Viio| 2 > / | VVK| 2 . Then I must be a finite interval. 

Proof. Fix 5 positive so that E((u ,ui)) < (1 - 5 )E((W } 0)). Define 



v(t) 



\u(x, t)\ 2 dx. 



We then have 

y'{t) = 2 J ud t u and y"{t) = 2 J (d t u) 2 - \V x u\ 2 + \uf 

(To check these identities, we proceed as in Remark 12.161 starting with 
data in Cq° and using a limiting argument.) Let 6 = S E((W, 0)), 
so that E((W,0)) > E((u(t),d t u(t))) + 5 and hence ± j \u(t)\ 2 * > 
\ J ((d t u(t)) 2 + \V x u(t)\ 2 ) ~ E((W, 0)) + 5 so that 

A f ((d t u(t)) 2 + iV.n^l 2 ) - 2*E((W, 0)) + 2%. 



WW > 



N-2 



But then, (with 5q = 22*Sq) we have 
f 9N 

y"(t)>2 (d t u(t)) 2 + ~ 



N-2 



(d t u(t)) 2 - 22* E((W,0)) 



2N 



= 4 
> 4 



N-2 
(N- 1 



V^(t)| 2 -2 / \V x u(t)\ 2 + 6 



N-2 
(N-l) 
N-2 



(d t u(t)) 2 + 



iV-2 



IV.xmI 



N-2 



\VW\ 2 + 5 



(by Remark 13.41 and a continuity argument.) 

Assume now that /f"|[0, oo) = [0, oo). Then, by our lower bound on 
y"(t), there exists t > such that y'(t ) > 0, and hence y'{t) > for 
t > t Q . Hence, for t > t , 



y"(t)y(t) > 4 



N-l 
N-2 



(d t u) 2 (t) 



u(t) 2 > 



N-l , 



N-2 



y'(ty 



so that, for t > t , 

y"(t) W - 1 y'{t) 



> 



y'it) ~ N-2y(t) 



or (logy' (t))' >^-^ (logy (t))'. 
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Hence for t > t 0l 

N - 1 ~ iv-i 

log y > jj— - log y - C or y (t) > C y N ~ 2 , 

which leads to finite time blow-up of y, because =?rE§ > 1- This is a 
contradiction which gives the result. □ 

An extension of Theorem 13.71 will be given in Section [7| 

4. Existence and compactness of a critical element; 
further properties of critical elements 

Let us consider the statement: 

(SC) For all (u ,«i) e H 1 x L 2 , with / |Vw | 2 < / I W| 2 and 
E((u ,Ui)) < E((W, 0)), if u is the corresponding solution of (CP) 
with maximal interval of existence I (see Definition I2.13j) then / = 

(-oo,+oo) and ||w|| s({ _ t30>+oo)) < oo. 

In addition, for a fixed (u ,ui) E H 1 x L 2 , with f |Vw | 2 < / | VV[^| 2 
and E((u ,Ui)) < E((W, 0)), we say that (SC)((u , ui)) holds if, for u 
the corresponding solution of (CP), with maximal interval of existence 
/, we have / = (— oo, +oo) and 1^1^/^ +00 ^ < oo. 

Note that, because of Remark I2.1()[ if |(m , mi)|^i xL 2 < S, then 
SC((uo,Ui)) holds. Thus, in light of Corollary 13.61 there exists rj > 
such that if (uo, U\) is as in (SC), and E((uq, ui)) < rj , then SC((uo, Ui)) 
holds. Moreover, for any (« ,«i) as in (SC), (j3.6j) shows that 

E({u , Ul )) > 0. 

Thus, there exists a number E c , r] < E c < E((W,0)) such that, if 
(u ,Ui) is as in (SC) and E((u ,Ui)) < E c , then (S , C)((m , Mi)) holds 
and Ec is optimal with this property. For the rest of this section we 
will assume that Ec < E((W, 0)). Using concentration compactness 
ideas, following the argument in JE], Section 4, we prove that there 
exists a critical element (mo,c, u i,c) at the critical level of energy Ec, 
so that SC((u 0j Ci u i,c)) does not hold and from the minimality, this 
element has a compactness property up to the symmetries of the equa- 
tion (which will give rigidity in the problem). We then use the finite 
speed of propagation and Lorentz transformations to establish support 
and orthogonality properties of critical elements, which are essential to 
treat the nonradial case. 

Proposition 4.1. There exists {uQ t Ci u \,c) i n H 1 x L 2 , with 



E((u 0t c,u hC )) = E c < E((W,0)), 




WW 
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such that if Uc is the solution of (CP) with data (wo,c, Ui,c) an d with 

o 

maximal interval of existence 1 , G I, then \\uc\\s(i) = +°°- 

Proposition 4.2. Assume that uq is as in Proposition \4-l\ and that 
(say) \\uc\\s(i ) = + 00 ? where I + = [0, oo) f]I. Then there exists x(t) G 
R N , \(t) G R + , for t G I+, such that K = {v(x,t),t G /+} has the 
property that K is compact in H 1 x L 2 , where 

->, \ / 1 fx — x(t) \ 1 fx — x(t) 

A corresponding conclusion is reached if \\uc\\s(i_) = +°°; where J_ = 

(-oo,o)n/- 

The proofs of Propositions 14.11 and 14.21 are identical to the corre- 
sponding ones in ^H], using Lemma 1431 below and the results of Section 
El especially Theorem 12.201 We will therefore omit them. 

Lemma 4.3 (Concentration compactness). Let {(t>o,n, ^i,n)} G H l x 
L 2 , \\(v ,n, Vi, n )\\Hi xL 2 < A. Assume that 

||5(t)(Kn^l,n))|| 5( _ OOi+oo) >5>0, 

where 5 = 6(A) is as in Theorem \2. 7| Then there exists a sequence 
{(Voj, Vij)} in H 1 x L 2 , a subsequence of {(t>o,n, ^i,n)} (which we still 
call {(fo,n, v i,n)}) an d a triple (\j, n ', %,ni tj,n) G IR + x ^ N X K- with 

as n — > oo ; /or j 7^ j' (we say that (Xj, n ', ^j,n\t^ n ) is orthogonal if this 
property is verified) such that 

(4.1) ||(Vo,i, VV)| HlxL2 >a (A)>0. 

IfVj(x,t) = S(t) ((Voj, V\J)), then given eo > 0, there exists J = J(eo) 
and {(u>o,n, w i,n)}^ = i G H 1 x L 2 , so that 

(4-2) v , n = ^ -±=i[Vj ( -T^ ) + «*>, 

j=i A- 2 

Vl, n = ^ — y-^V/ I J — ■ T I 

u»tfi lS , (*)((wo,n,«'i,n))|ls((_ 00j+00 )) < eo, /orn /ar#e 





tj,n 










v A j>n 


\,n J 
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(4.3) 



j=l ^ 

/• 1 2 1 2 

+ / 2 l V ^o,nl +2 1^1^1 +o(l) asn^oo 



(4.4) £(( V i,n)) = $> ( V l (-J^) ^ (-^)) + 

+E((w 0lTl , Wi, n )) + o(l) AS 71 — ► OO. 

Remark 4.4. Lemma 14.31 is due to Bahouri-Gerard jl]. There it is 
proved for N = 3, but the proof extends to all N > 3. Also, the norm 
II !<?f_™ is replaced by II || w+2) „in+2) in 01, but as is mentioned in 

«0( oo,-t-oo; JV _ 2 2 N _ 2 « 

page 136 of [3], it works equally well for || (g/^ +0O \. See the Remark 
on page 159 of [3] to eliminate their condition (1.6). (See also the work 
of Keraani ^H] , where the corresponding result is proved for NLS and 
where the analogue of ()4.1j) is shown.) See also Remark 4.8 in [To] . 

Corollary 4.5. There exists a decreasing function g : (0, Ec] —* [0, oo) 
such that for every (uq,Ui) as in (SO), with E((uq,Ui)) = Ec — rj, we 
have 

Hs((-oo,+oo)) < g(v)- 

For a proof of Corollary 14.51 see Corollary 2 injlj and Corollary 1.14 
in [Hj. 

We next turn our attention to further properties of critical elements. 

Lemma 4.6. Assume that u is a solution of (CP), with maximal in- 
terval of existence I . Assume that for t G I + = I R [0, oo), there exist 
x(t) e R N , X(t) E R+ so that K = {v(x,t),t E 1+} has the property 
that K is compact in H 1 x L 2 , where 

I 1 fx — x(t) \ 1 -fx — x(t) 

Then we can choose \(t), x(t), continuous in I + , so that the correspond- 
ing K has compact closure in H 1 x L 2 . 



Proof. The proof given in Remark 5.4 of [By applies verbatim. □ 
From now on, we always use the X(t), x(t) provided by Lemma l4~6l 
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Lemma 4.7. Let u be as in Lemma \4 . 6| and assume that I + is a finite 
interval. After scaling, we can assume then that I + = [0, 1). Then, 

0<^1< X(t). 

l-t - w 

Proof. Consider < tj — > 1. (Because of Lemma l4~IH this suffices.) Let 
. . / f fx — x(tj) \ 1 ( x — x(tj) 

Since (v j,Vi t j) G K, K is compact in H 1 x L 2 , there exists Co = 
Cq(K) > independent of j, so that T + ((vqj, Vij)) > Co. (Here we 
are using the notation in Definition ^. 131 ) (This is an easy consequence 
of Theorem 12 .71 ) Let Vj(t) be the corresponding solution of (CP). Note 

that X(tj) N z 2 v 0tj (\(tj)y+x(tj)) = u(y,tj), \(t j )^v 1J (\(t j )y+x(t j )) = 
dtu(y, tj). Hence, by uniqueness in (CP) (see the argument in Definition 
12.13)1 for t such that tj + 1 < T + ((up, wi)) = 1 we have 

(N — 2) 

Htjj^VjiHt^y + x{tj),X{tj)t) = u{y,tj + 1). 

Thus, we have tj + t < 1, for all < \{tj)t < Cq. But then, choose 
t = C /\(tj), so that \(tj) > C /(l — tj), as desired. □ 

Lemma 4.8. Let u be as in Lemma \4.7\ Then 3x G W N such that 

supp u C B(x, (1 — t)), supp d t u C B(x, (1 — t)). 

Proof. We first start by showing that for t G [0, 1), there is a ball -B(!_ t ) 
of radius (1 — t) so that supp Vw, supp<9 t w are contained in -B(i-f). If 
not, for a fixed t, there exist eo > 0, r] > such that, for all x$ G WL N 
we have 



L 



\V x u(t)\ 2 + \d t u{t)\ 2 > e . 



\x-x \>{i+no)0--t) 

Choose a sequence t n j 1. Recall from Lemma E~71 that A(t n ) > y^ - - 
We claim that, given R Q > 0, M > 0, for n large we have 



\V x u(x,t n )\ + \d t u{x,t n )\ + — — = — < — . 

,+|^|>Ho \X\ M 



Indeed, if v(x, t) = (vu (^&, tj , d t u (^ffi, t 

L 



\V x u(x, t)\ 2 + \d t u(x, t)\ 2 dx = / \v(y,t)\ 2 dy 



>'.+^\>R J\y\>Ht)Ro 
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and our claim follows from the compactness of K and the fact that 
A(£ n ) T +00. Using this estimate, we apply Lemma EM7I backward in 
time, to conclude that for n large, 

V£e[0,£ n ], f |V x u(x,£)| 2 + \d t u(x,t)\ 2 < e . 

^h+X§$|> 2B o+(t™-t) 

But, if (1 + r/ )(l — £) > 2R + (t n — £), we reach a contradiction. But, 
for < £ < 1, fixed, we can always choose n large and Rq small so that 
this is the case. 



The next step is to show that 



x(t) 



A(t) 



< M, for < £ < 1. Assume not, 



so that we can find (in light of Lemma 14.61 we can assume 



x(t) 



A(t) 



< t < T < 1) £ n t 1 so that 



A(t„) 



+00. Fix a ball I? = -B(xq, 1), 



such that supp V«o, supp «i C B. But, for fixed Rq > 0, eo > given, 
our previous argument shows that for n large, 



x+^\>2R +t n 



\V x u \ +\ui\ < e . 



But, if 



x{t„) 



\{tn) 



-00, B(x ,l) C I 



X + 



V«o, u\ are identically 0, contradicting 1^ 
and choose a subsequence so that • 
< t < t n , we see that, for n large, 



> 2R + t n |, so that 

0, 1). Let now t n ] 1, 
x. Arguing as before, for 



' K*n) 



\V x u{t n )\ 2 + \d t u{t n )\ 2 < eo/Af, 



>Ro 



for R , M, €q given and hence, by our previous argument, 

\Vu(x, t)\ 2 + \d t u(x, t) \ 2 dx < e , 



\ x+ ^\>2R Q + (t n -t) 

for n large. Letting n — > 00, we obtain for all Rq > and eo > small, 

\Vu(x, t)\ 2 + \d t u(x, t)\ 2 dx < e , 

'|a;-S|>2_Ro+(l-t) 

so that supp Vm(— ,t), supp d t u(— , t) C B(x, 1 — t). Assume now that 
— IrO ~~ *■ ^' — ~~ * ^' ^ or ^ wo different sequences t n ,t' n — > 1. If 
x ^ x! and (1 — t) is so small that 1 — £ < |x — x'\, we must have 
Vw(— , £), d t u{— , £) = 0, a contradiction to J + = [0, 1). 



□ 



Remark 4.9. After a translation we can assume x = 0. Also, since 



£) G L 2 for each £, the conditions suppw C 5(0,1 — £) and 



supp V ' x u C B(0 } 1 — £) are equivalent. 
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We turn now to the next important property of uc (at least in the 
nonradial situation): the second invariant of the equation for uc is 
zero. We consider the cases I + is a finite interval and then an infinite 
interval. 



Proposition 4.10. Assume thatuc is as in Proposition ^. ^\ and I + is 
a finite interval. Then, 

Vu ,c-Ui,c = 0. 

Proof. By scaling, we can assume that I + = [0,1). By Lemma l4.8[ 
supp uc, supp d t uc C B(0, 1 — t). Note also that for any u a solution of 
(CP) in /, the maximal interval of existence, and t G /, we have from 
(12. 2j) . f V x u{t)d t u{t)dx = fVu Q .Ui. Assume now that, (without loss 
of generality) 



7 



J d Xl (u ,c).u ltC > 0. 



We will reach a contradiction, by considering (for convenience) u(x, t) = 
u c (x, 1 + 1), -1 < t < 0. Clearly, for -1 < t < 0, 

E((u(t),d t u(t))) = E c , J \Vu(t)\ 2 < (1-5) ||W||i 2 , 7 = / d Xl u{t) .d t u{t) , 

by Theorem 13.51 and our assumption above. We will consider the ac- 
tion of Lorentz transformations on u. (Now, supp u{— , t) C -8(0, —t), 
supp <%«(-, t) C £(0,-t), -1 < t < 0.) Thus, for < d < 1/4, 
consider 

, . . . ( x\ — dt _ t — dx\ 

(4.5) Zd(Xl,X,t) = U I ; ■ X, — ; =. 

where x = (x\, x) G R^, t G R and s = ^==^ is such that -1 < s < 0. 

Note that, for this range of s and y = (yi, y) such that (y, s) G supp u, 
we have \y\ < \s\. Thus, if y\ = y = x, we obtain x\ + |x| 2 < t 2 

in support of z d ,d t z d . Fix now — | < t < and x 2 + |x| 2 < t 2 . Then, 
> ( 1 + d ) t > -1 i+^ 2 > -I w hile t ~ d:El < {l ~ d)t < Thus for 
such (x,t), Zrf is defined and Zd(x,t) = 0, V x Zd(x, t) = 0, d t Zd(x,t) = 
for x 2 + |x| 2 = t 2 . We extend Zd(—,t) to be zero for \x\ > \t\, — | < £ < 
0. An elementary calculation shows that if u is a regular solution (by 
regular solution we will mean one as in Remark 12.91 with // = 1) of 

d 2 t u - Au = \u\^ u in x [-1,0) 

the resulting z d is a solution of the (CP) for this equation in — ~ < £ < 0, 
x G R N . 
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We will now show that the z d we defined in (14.5)1 is a solution of 
(CP) in R N x [-§,0). To this end, fix e > and consider -\ < 
t < — e , x E M N . Note that in this range we have, on supp 2^, that 
— 1 < s < — -^=e . Note that since S ([— 1, (:^) e o] j norm of u is finite, 

(iV+2) p (A^+2) 

and u E L. N ~* 3 . ,L X N ~ 2 (see Definition I2.13|) . in light of Remark 

EH we have that (z d ,d t (z d )) E C([-l/2, -e ]; H 1 x L 2 ). Also, if we 
then J = 1 and hence, if L> eo =l ff x [-1/2, -e ], 
D eo = $(D €0 ), where $(x,t) = (y,s), then 



let J 



^ et d(x,t) 



2(iV+l) / gCjV+l) 

\z d (x,t)\T'r=JT dxdt = / |m(?/, s)!^ 1 )"^^ 

/ 2(iV+l) 
\u(y,s)\ W=V dyds < C eo . 

Moreover, pick u 0j E C%°{B(0, ^e )), tiy G Cg°(B(0, ^=e )) 
with (m ,j,Mij) -> (w(-(^g)eb),9 8 «(-(^)eo)) in H 1 x L 2 . Let u, be 
the solution of (CP), defined for s < — (^||) e o- Note that, because 
of Remark 12.211 we know that, for j large, Uj is a solution of (CP) for 



and 



(% ) ^(^))ll C ( ( _ lj __3 f£o) ^ lxL2 ) <C 



\\Uj\\„f 3 \ + \\Uj\\ (N+2) 2(JV+1) < C tQ . 



3 

V^5 11 



-1, 



and for 



Also, by virtue of Remark 12.91 Uj is regular for s E 

— 1 < s < — -jf^to, we have supp %(— , s) C 5(0, |s|), by Remark 12.121 
If we now consider Zj td given by ()4.5|) with u replaced by Uj, the Zj^d are 
solutions of (CP) in — | < t < — e . Moreover, from the proof of Re- 
mark and the proof that (z d ,d t (z d )) E C ([-1/2, -e ]; -H" 1 X L 2 ) 

we can conclude that (z^, d t (zj t d)) — > (-2^, 9 t Zd) in C([— 1/2, — eo]; -ff 1 x 
L 2 ) and similarly that l^dl^f-irt _ £o i) ^ Ceo- From Remark 12.141 it 
now follows that z d is a solution of (CP) for t E [— 1/2, — e ]. Since 
e > is arbitrary, we conclude that T + ((z d (— 1/2), d t z d (— 1/2))) > 0. 
But, since for each £ G [—1/2,0), supp z d , d t z d C < \t\}, either 
T + ((z d (-l/2),d t z d (-l/2))) = 0, or z d = 0. We will soon see that 
z d ^0. 
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We have, by Remark l2.1fi| that 
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(4.6) / *E((z i (t),d t z d (t)))dt= ]-E((z d (-l/2),d t z d (-l/2))). 

J -1/2 4 

We are now going to estimate the left-hand side. Note that 

d Xl z d = — - = d a u+ 1 n d yi u, d s z d = d v u, 
V 1 — d yi — d 



1 * d 

O s U ; 



d t z d = = d s u 7 ==d yx u. 



Thus, the left-hand side of (j4.6|) equals I\ + 1 2 , where 



h = J_** J \ { (j^) i(dsu) 2 + {d yi uf) + |V,u| 2 } - 1 \uf dx.dxdt 



'-1/2 

2d r 1/4 



We now have 



1/2 



d v ud s udxidxdt. 



< 47 > !Ss # = - 2 (s) /*v.«<-i)-*«<-i) = -rr- 

To see this, we consider the change of variables t) = (y,s), in- 
troduced before. Let LL 1/4 = R N x [-1/2,-1/4], D_ 1/4 = $(D_i /4 ). 



Since 



detfHr 

o{x,t) 



1, we have, 



lim- 2 - = lim— 2 / / d v ,u.d s udx\dxdt 




yi ' 

D-l/4 



dlO 




lim— 2 / / d yi u.d s udyidyds 



Dl/4 



Since y\ = ^\_ d d \ , s = \,^ d \ , we have that ty/1 - d? = dyi+s, so that 

D1/4 = {{y,s) : \y\ < \s\ and - \yT^P < dy x + s < -^VT^} ■ 
Note that the restriction \y\ < \s\ comes from the support of d yi u, 



2(> 
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d a u. Thus, 




d yi u.d s udyds = I II d yi ud s udsdy 



Di/4 J\y\<2J J~±VT=d?-d yi 

d yi u.d s udsdy — / / d yi ud s udsdy 

\y\<2J J-i ' J\y\<2J J-\ 





d yi ud s udsdy. 

\<2J J-\VT^dP~d yi 



Consider, for instance, the second term. There, — | < s < — — d 2 + 
2d, so that, it is bounded by 

\d yi u\ \d s u\ dyds < Cd sup \(u, 9 a «)|^ lx£2 . 

\y\<2 ~\<s<-\VT^dP+2d 

Thus, the second term goes to as d — > 0, and the third one can be 
treated similarly. (Recall that, by compactness, we have 
sup_ 1<s<0 |(u(s), Sgi^s))!^! < A.) But, using now (|2.2|) . we obtain 
(14~T1).~ 

To study Ji, we introduce 

Then, in light of the fact that sup_ 1<s<0 |(w(s), d s u(s))\\^ ly , L2 < A, the 
identity in Remark 12 . 1 61 and the support properties of u, d s u, we have 

h = \e(u(-1/2), d s u(-l/2)) + 0(d 2 ) = -E c + 0(d 2 ). 
We next claim that 

(4.8) )fohl-k = -J Vl e{u){-l/A) + J Vl e{u){-l/2). 

(Recall the definition of e(u) from the proof of Remark 12.161 ) Let us 
assume (|4.8|) temporarily. Recall that (|2.3|) . the support properties of u 
and integration by parts, yield 

d s J yie(u{s))dy = - J d yi u(s)d s u(s)dy, 

so that in light of (Q, -/ j/ie(«)(-l/4) + / yie(«)(-l/2) = J7 and 
hence lim^o Jl — j7 an d so, using (|4.7|) . we obtain from f)4.6|) . 

r , Q s ^((^(-l/2),^ d (-l/2))-lE c ) 1 1 1 
4.9 hm- — - = -7 7 = — 7. 

v ; dio d 4 ' 2 ' 4 1 
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(Note that, for d small this already implies that zj cannot by identically 
0.) (03) implies that, for d > small, E (z d (-l/2), d t z d (-l/2)) < E c , 
since 7 > 0. 

We now turn to the verification of ()4.8|) . Note that 
h= [ ' [ \{{d s u) 2 + \V y u\ 2 }-^\uf dxdt + 0{d 2 ), 

J-l/2 J\x\<2 1 1 

I 3 = / / - {(d s u) 2 + \V y u\ 2 } - - \uf dyds + 0(d 2 ). 

By using the change of variables used in the proof of (J4.7j) we see that 
,I - Jl ~ Is lim \ 1 f r^ VTZ ^~ dvi 

dlO J\y\<2J 

= Km[A(d) - B(d)). 
A ( d ) = 1 / e(u)(y 1 ,y,s)dsdy 

CL ./l„|<2 J-i^TZ^ 

/•3/1 

/ e(w)(?/i, y, vT— d 2 (— 1/4) — hd)dhdy, 

\y\<2J0 



lim — = lim < — / / e(u)(yi,y, s)dsdy 

e(u)(y 1 ,y,s)dsdy 



where we have made the change of variables /i = IzI/ih^Iz^zl. Since 
(Vu,d t u) e C([-l,-e ];L 2 (R N )), for every e > 0, we see that, for d 
small, we have, for \h\ < 2, that 



[e(u)(y, VT^(-l/4) - /id) - e(n)(y, -l/4)]efy = o(l) 

l»l<2 

as d — > 0, uniformly in /i. Hence, 

= - / / e(u)(y,-l/A)dhdy + o(l) 

J\y\<2 JO 



= -J yi e{u){y,-l/A)dy + o{l). 

Similarly, B(d) = — f yie(u)(y, —l/2)dy+o(l) and hence (|4.8|) follows. 

Finally, since E c < E((W,0)), \\Vu(-l)f L2 < \\VWf L 2, because of 
Theorem 13.51 we have that, for — 1 < s < 0, || V x u(— , s)\\ 2 L2 < (1 — 
5) ||VW||^2, 6 > 0. We now consider / \V x z d (x, t)\ 2 dxdt. The 
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argument that we used in the estimate for ^ above, (together with the 
calculation of d Xl z d , d x z d ) show that 

,-1/4 , ,-1/4 /■ 

lim / / | VjjZd^x, t) | dxdt = / / |V y w(t/, s)| dyds 

d t° 7-1/2 y J-i/2 y 

< 1(1 _ g) | W | 2 L2 . 

But then, for d small, f^f* J \V x z d u(x, t)\ 2 dxdt < — 5/2) |VW||J 2 . 
Thus, there exists to —to(d) G (—1/2,-1/4) such that, for d small, 

J \V x z d (x, t ) | 2 dx < \\VW\\ 2 L2 , E{z d {-\/2), d t z d (-l/2)) < E((W, 0)). 

By Theorem 13 .51 we have, for all d small, HV^^x, — 1/2)|^ 2 < |VW|^2- 
Since the interval of existence of z d is finite, this contradicts the defi- 
nition of Eq taking d > small, and thus 7 = 0. □ 



Proposition 4.11. Assume that uq is as in Proposition \4 . 1] and I + = 

[0, +oo). Assume in addition that for t > 0, A(t) > A > 0. Then, 

V« ,c«i,c = 0. 

Proof. Because of Proposition 14.101 we can assume that T_((« , «i)) = 
+oo. To abbreviate the notation, let us denote u(x,t) = uc(x,t). 
Again, without loss of generality, if the conclusion does not hold, we 
can assume that 7 = J d yi u .ui > and hence, by (|2.2j) . for all s e R 
we have 

d yi u(s)d s u(s) = 7 > 0. 

We will see that this assumption leads to a contradiction. We first start 
out by showing: given e > 0, 

(4.10) there exists Ro(e) > such that, for all s > 0, we have 

/1 1 2 
2 2 2* 

|<9 s u| + |Vy«| + —2 + < e. 
,iH-s$|>j*)( e ) M 

In fact, by compactness of K, given e > 0, 3R = Ro(e) > such that, 



Ws e [0,oo), / \d s u\ 2 + \V y u\ 2 + 

^+^|xRo/a(s) |y 



I |2 

\ U \ , I ,2* ^ 



2 



Since A(s) > A , -Ro( e ) — -Ro( e )/A) does the job. 

Next, we show that, as a consequence of (|4.10J) we have good bounds 
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for 



y( s ) 

X(s) 



(4.11) For M > 0, we have, for all s E [0, oo) 



y{ s ) 



X(s) 



< s + M. 



To verify (|4.11j) . recall that, since E((u , ui)) = E c > 0, (u , Ui) is not 
identically and we have, because of Corollary I3.fi| 

inf J \V y u{y,s)\ 2 + \d s u{y, s)\ 2 dy > C \\(u , Wi)||^i xL 2 = B > 0. 

Then, use f|4.10|) to choose M > so that 



y+^\>Mo 



to conclude that 



\Vu\ 2 + \d s u\ 2 < B /2; sg[0,oo), 



|Vm| 2 + \d s u\ 2 > B /2; se[0,oo). 



Recall now from Lemma 12.171 that there exists e > so that if for 
some Mi > 0, we have 

i2 



(4.12) 
then 



/ IVyMol 1 
J\x\>Mi 



+ 



\Uq \ 

\y\ 



\V y u(y,s)\ 2 + \dMy,s)\ 2 <Ce, 



'\x\>2Ah+s 

wherever < e < e and s > 0. Since we can assume, without loss 
of generality, that y(0) = 0, A(0) = 1, in light of ()4.10|) we can al- 
ways achieve ()4.12j) . We will show that we can choose e so small that 

> s + 3max(M , Mi), and if 



y( s ) 



Ms) 



y + x(s) 



X(s) 



< s + 3 max(M , Mi). If not, 

< M , \y\ > s + 3max(M ,Mi)-M > s + 2 max(M , M x ) > 
s + 2Mi. But then, 



\y+y(t)/X(s)\<M 



V y u\ 2 + \d s u\ 2 < [ \V y u\ 2 + \d s u\ 2 <Ce, 

J\y\>s+2M 1 

by (|4.12|) . If Ce < Bq/2, we reach a contradiction, which establishes 
dUTTj). 

Having ()4.10|) . ()4.11|) at our disposal, we now define for R > 0, d > 0, 
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where 

(JV-2) _ 

UR{yi,y,s) = R * u[Ryi,Ry,Rs) . 

Note that u R is a solution of (CP) in f^xf, that E((u R (0), d s u R (0))) = 
E c and that 35 > such that / \X7 y u R (y, s)\ 2 dy < (1 - 8) J \WW\ 2 . 
We also have sup sgR \\(u R , d s u R )\\ HlxL2 < A and ||wfli|ls((o,+oo)) = +°°- 
Moreover, we will use the fact that, when (x,t) are in a compact set, 
the identity d t e(z d)R )(x,t) = YljLi ^ z d< R d t z d,R) holds, which can 
be shown by approximating u R by compactly supported regular solu- 
tions and making the observation that the corresponding z d>R are then 
solutions of (CP) on finite time intervals. 
We now have: 

There exists do > so that, for < d < do 
(4.14) I [ \V x z d , R \ 2 + \d t z diR \ 2 + \z dtR f < m (R, d), 

Jl J3<\x\<8 

where f]i{R, d) — > 0, uniformly in d < do. 

R^oo 

To establish (|4.14j) . we use the change of variables $(x,t) = (y,s) 
where y\ = 7^=jr , y = x, s = ~^==^ - Then, for d small, we have, after 
changing variables, that the left-hand side of f)4. 14j) is bounded by 

2+1/8 n 

I IV^MrI 2 + \d s u R \ 2 + \u R \ 2 dyds, 

'1-1/8 ./3-l/8<|y[<8+l/8 

which after rescaling, becomes 

I H2+l/8)fl 

'(l-l/8)i? J (3-l/8)R<\y\<(8+l/8)R 



R 



r{2+X/8)R r- 2 2 2* 

/ / \^y u \ + \d s u\ + \u\ dyds. 

J(1-1/8)R J (3-l/8)R<\v\<(8+l/8)R 



But, by (l4~m < (2 + 1/8)R + M, for < s < (2 + 1/8)R, so 

that, for R large, {y : \y\ > (3 - 1/8)72} C ly : y + > i?/ 2 } and 
our claim then follows from (|4.1(J|) . 

We now pick Q x = d x {a) G Cg°(|a| < 5), 01 = 1 on \a\ < 4, < Q x < 
1, and define 9(x) = 9i(xi)9i(\x\). Note that 6(x) = 1 on \x\ < 4 and 
supp6> C < \/25 + 25 = VoO}. Our next task is to study 

,2 /■ 

2 e(-2d,_R)(xi, x, t)dx\dxdt. 



For this, we first change variables <&(x,t) = (y,s), as before. Our 
integral then becomes, (for d small), recalling that t\J\ — d 2 = dy x + s, 
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(4.15) 

[o 2 (<5>-\y, s)) e(z d>R ) (^(y, s)) dy.dyds. 

Vl-rf 2 <<i?yi+s<2Vl-rf 2 J 

Recall that 6\x) = y = x, y x = f=§, s = so 

that x 1 = y^ and 6 2 (®-\y, a)) = Q\ d\{y). Note that 

\e(z d>R ) s))\<C {\V y u R (y, s) \ 2 + \d s u R (y, s) | 2 + \u% (y, s)\] , 

for < d < do, and that 



Thus, since in our domain of integration we have yl — d? < dy\ + s < 
2\/l — d 2 , for < d < do, do small, we have 

e\ (VT^d? yi + ^j=(* + dyi)) - eKVT^dtyi) 

= O(d)(0 2 )' (VT^yi + 770(d)) , 



where \r)\ < 1. Note that supp(6^)'(a) C {4 < \a\ < 5}, so that, for 
d small, this can only be nonzero for 3 + 1 < \yi\ < 5 + \. Using a 
similar argument for d\ (a/1 — d 2 yi} — 6f(yi), and the argument used 
in the proof of (j4.14|) . we see that the integral in (|4.15J) equals 

(4.16) J J e 2 (y)e(z diR )(^ 1 (y,s))dyds + d V2 (R,d) 1 

where ^(-R, d)\ — > 0, uniformly in d < do- 

R-^oo 

Now, using the formulas after ()4.6j) . we see that the integral in ()4.16|) 
equals Ji + J 2 , where 




Ji = / / 0\y) 



l + d 2 2 1 + d 2 



;{d s u R ) 2 + -^-(d yi u R ) 2 + |V^ R | 2 



V 1-d 2 



7^ \u R \ 2 \ dyds, 
2d 

J z = ~- y>\ I I 0\y)d yi u R d s u R dyds. 



(1 - d?) 




Vl-d 2 
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Let us first analyze ^f. We clearly have 



-j = -2 J J 9 2 (y)d yi u R d s u R dyds + 0(d 2 



i< dyi+3 <2 

Vl-d 2 



where 0(d 2 ) is uniform in R. Consider 
J 2 = -2 J J 9 2 (y)d yi u R d s u R dyds 

Vl-d 2 



-2 y y d yi u R .d s u R dyds - 2 J J \9 2 {y) - l]9 Vl wji9 a ujj 



1< . s <2 1< . a <2 

= J2I + ^22- 

Note that supp[# 2 — 1] C {\y\ > 4}, so that, with the argument in the 
proof of (j4.14j) we see that J 22 = f]z{Ri d), with 773 — >• 0, uniformly in 

R— >oo 

d. Moreover, ()2.2|) and scaling show that J21 = — 2jy/l — d 2 , so that 
= -2 y y 9 2 {y)d yi u R d s u R dyds + ^y 9 2 (y)d yi u R d s u R dyds 

-2 7 V / r^ + ( d 2) + d j_ 

We turn to the difference of the two integrals on the right hand side. 
It is dominated by 



[■ p n2^1-d 2 

2// / 2 (y) \d yi u R \ \d s u R \ dsdy 

J Jyi>0 J2Vl-d 2 -dy 1 

f f r2\J\ — d 2 — dy\ 

+ 2 / 9 2 (y)\d yi u R \\d s u R \dsdy 

J Jyi<0 J2Vl-d 2 

+2 / / / 9 2 (y) \d yi u R \ \d s u R \ dsdy 

J Jyi>0 JVI^cF-dy! 
f f ps/l—dP—dyi 

+2 / 9 2 (y) \d yi u R \ \d s u R \ dsdy = A + B + C + D. 

J Jm <0 JVT^d? 



We will estimate A, the other terms being similar. In our region of 
integration, we have \y\\ < 5. We make the change of variables in the 
s integral h = 2 ^ l ^ 2 ~ s , We then have, in our region of integration, 
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< h < y\. Thus, 



r r rvi 

A < 2d / 9 2 (y) d yi u R (y,2VT^d*-dh) 

J Jyi>0J0 

d s un(y, 2\/l — d 2 — dh) dhdy 
< 2dJ^ Je 2 (y)\d yi u R (y,2VT^d?-dh) 



d s u R (y, 2VT^d* - dh) 
< 2Ad. 



dydh 



We thus have 



(4.17) 



J 2 



-2 1 + 0(d) + m (R,d), 



where 0(d) is uniform in R and 773 (i?, d) — > uniformly for < d < 

R— +00 

d . 

Next, £ = i / / 2 (y)eM(y, + 0(d), where 0(d) is uni- 

1< *l+i<2 

\/l-d 2 

form in i? large. We now consider J\ — f f 9 2 (y)e(u R )(y, s)ds. 



i< 



: <2 



Note that, arguing as in the case of J2, it is easy to see that 



(4.18) J 1 = y /l- d?E c + r) 4 (R,d), with r) 4 (R, d) -> 0, 



uniformly for < d < d . 

We next turn to Jl ~ Jl , which equals after rescaling to 



1 



J J 9 2 (y/R)e(u)(y,s)dyds- J J 9 2 (y/ R)e(u)(y, s)dyds 



~ Vl-d 2 ~ 



R< , s , <2R 
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The difference then equals 



f 

dR 




9 2 (y/R)e(u)(y,s)dyds 

?/i >0 J2RVl-d' 2 -d yi 
<-2Rs/\-d 2 -dy 1 



p p pznvi—a'—ayi 

+ / e 2 (y/R)e(u)(y,s)dyds 

J Jyi<0 J2RVT^d? 

+— / / / 2 (y/R)e(u)(y,s)dyd 

9 2 (y/R)e(u)(y,s)dyds 




1 

dR 



yi>0 J R%/l-d 2 -dy 1 
RVl-d 2 -d yi 

v 2 ' 

Jyi<0 JRVl-d 2 

2RVT^F 

9 2 (y/R)e(u)(y,s)dyds 




yi>0 J2RVl-d' 2 -dy 1 
RVT^d? 



p p pnv ±— or 

+ / / / 9 2 (y/R)e(u)(y,s)dyds 



'yi>0 J R\/\-d 2 -dy 1 

i ( r r r 2RVi-d 2 -d yi 
LI/// Q 2, 

j/i <0 J2R^/\-d 2 
RVl-d 2 -d yi 

2/ 



+ dR< I I I e\y/R)e{u){y,s)dyds 




9 2 (y/R)e(u)(y,s)dyds 

2/1 <0 JRVl-d 2 

We will first study ^-^i- In the first of its integrals, we interchan 
the order of integration, to obtain, in supp6> 2 , 

9 2 (y/R)e(u)(y, s)dydy 1 ds. 



2RVl-d 2 -5dR 



2i?Vl-d 2 -s 
d 



We then perform the change of variables s = 2R\ / l — d 2 — 5adR, 
that the integral equals 



pi i>5R r- 

-5dR / / / 9 2 (y/R)e( y u)( y y, 2RVl - d 2 - 5adR)dydy 1 da. 

JO J5aR J 



Similarly, the second integral equals 

»1 r 5R 



pi pou 

5dR / / 9 2 (y/R)e(u)( y y, RVl - d 2 - 5adR)dydy 1 da, 

JO J$aR 
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so that 

I ; 1 / 

dR 



] -L l = h{- f [ [ 6 2 (y/R)e(u)(y, 2RVl - d 2 - 5adR)dyd 

R I JO JbaR J 

+ I [ [ 9 2 (y/R)e(u)(y, RVl - d 2 - 5adR)dyda\ 

Jo J§aR J J 
pi p5R p p2RVT^d? 

— —5 / / / / 9 2 {y /R)d s e(u)(y, s — 5adR)dsdyda 

Jo JsaR J JrVT^P 

-1 p5R p /•2i^^/l=d ^ N 

/ / / 6 2 {y/R)Y^d yj (d y .u{y,s-hadR). 

J5aR J JRVl-d 2 - =1 

. d s u(y, s — 5adRj) dsdyda, 
by virtue of (|2.3|) . Integrating by parts, we obtain that j^Li equals 

-1 p p2R\/T^d? 

' / 6 2 {5a)6l(\y\/R)d yi u{5aR,y,s-5adR) 

N pi p5R p p2RVT^P 

d s u (5aR, y,s — hadR) dsdyda + 5 / / / / 

• =1 Jo J$aR J JrVi 



d yj (9 2 (y/ R))d y ,u(y, s — 5adR)d s u(y, s — 5adR)dsdyda. 



For the second term, note that 

\d y .{e 2 {y/R))\ < C/R and supp d yj {6 2 {y/R)) C {4 < \y\ < 8}. 



Also, R{y/l^P-had) < s-hadR < 2R(VT^P - had), < a < 1. 
Therefore, the argument after (j4.14|) shows that the second term, for 
< d < do is of the form rj^(R, d), with rj^(R, d) — > 0, uniformly in 

R^oo 

< d < do- A similar argument shows that 



I pO p p2RVl~d 2 

—L 2 = 5 / / 6 2 (5a)9 2 1 (\y\/R)d yi u(5aR,y,s-5adR) 
dR J -i J Jr^/T^ 



d s u (5aR, y,s — 5adR) dsdyda + r] 6 (R, d), 

with t]q behaving like 775. Hence, 
j _ J rl r r^RVi^ 



d 



/1 p p2,tt\j 1— <r 
/ / 6 2 (5a)9 2 (\y\/R)d yi u(haR,y,s-5adR) 
1 J JrVTIF 



d s u (5aR, y,s — 5adR) dsdyda + r/ 5 (R, d) + rj e (R, d). 
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Making the change of variables y\ = 5aR, ( = s — 5adR, the integral 
on the right hand side gets transformed and Jl ~ Jl equals 

0? (yi/ R Wi(\y\ I R)d yi u (y u y, y) d s u (y u y, y) d^dy^dy 




1 

R 

R< i+vi± <2R 

+m(R, d) + Va{R, d). 

The calculation of J 2 above now yields that the integral equals 7 + 
0(d) + T] 3 (R, d), so that 

(4.19) = 7 + 0(d) + m (R, d) + V5 (R, d) + V6 (R, d), 

d 

where r)i(R, d) — > 0, uniformly for < d < do and 0(d) is uniform in 
R large. 

N+2 2(JV+2) 

Next, we recall that for fixed R, u R G Lf~ 2 L x N ~ 2 , for any compact 
time interval. From this and Lemma l2~2l we can see that 9(x)z djR (x, t) is 
in C([l, 2]; H 1 x L 2 ). Fix now to G [1, 2] and recall, from the beginning 
of the proof that d t e(z d>R )(x,t) = Y.f=i d Xj {d Xj z djR d t z djR ). Hence, 

9 2 (x)e(z diR )(x,t )dx = J 9 2 (x)e(z djR )(x,t)dxdt 
+ J J 9 2 (x) J Y^ d xj( d xj( z d,R) d tZ d ,R)dadxdt 



9 (x)e(z d)R )(x,t)dxdt 
x r2 r rto 



J J d Xj (9 2 (x))d Xj (z d<R )(x,a)d t z d!R (x,a)dadxdt. 

Because of (j4.14|) . the second term equals r}7(R,d,t ), with 
rjf(R,d,to) — ► 0, uniformly in to G [1,2], < d < do. Thus, if 



E(t ,d,R) = J 9 (x)e(z djR )(x,t )dx, 
we have (using our previous estimates): 

(A.20)E{t , d, R) = r] 7 (R, d, t ) + drj 2 {R, d) - 2 7 d + 0(d 2 ) + dr] 3 (R, d) 
+E C + r]i{R, d)+jd + di] 3 (R, d) + dr] B (R, d) + dr) 6 (R, d) 
= E c -id + d {r] 2 (R, d) + rj 3 (R, d) + rj 5 (R, d) + r] 6 (R, d)} 
+r) A (R, d) + r] 7 (R, d, t ) + 0(d 2 ). 
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We now need to consider 

J* J 6 2 (x)\V x z d , R (x,t)\ 2 dxdt = jT J 2 (x){ ^ \d yi u R \ 2 



+ |V 5 wr| 2 - ^ d Vl u R .d s u R + + d _ \d s u R ' 2 

The arguments used to establish (|4.2(J|) easily yield that the right hand 

side equals J J^(z^ @ 2 (y) \^yU R \ 2 + 0(d), where 0(d) is uniform in 

R, i.e., 

(4.21) 



/ / 6 2 (x)\V x z d , R (x,t)\ 2 dxdt = / / e 2 (y)\V y u R \ 2 + 0(d). 

Define now h dR (x,t) = 9(x)z djR (x,t). Then, 

\v x h dyR ( x ,t)\ 2 = e 2 \w xZd)R \ 2 + |w| 2 \ Zd , R \ 2 + 29ve.Vz d>RZd>R 

and note that the last two terms are supported in 3 < \x\ < 8. Also, 
\hd,n\ 2 = 2 (x) \z dtR \ 2 + (\9\ 2 — \0\ 2 j \z djR \ 2 and the last term is sup- 
ported in 3 < |x| < 8. 

We are now able to conclude the proof. Choose do so that for < 
d < do, uniformly in R, we have 

J J 2 \V x z d , R \ 2 < (1 - 5/2) J \vw\ 2 , 
which we can do because of (j4.21j) . Let 1 + 5 — ^Ef/f ■ Consider 
Si = S 1 (d,R) = Ue [1,2]: J 6 2 (x)\V x z d , R \ 2 (x,t)dx 

< (l + 5)(l-5/2) J \VW\ 2 = (1 - 5/4) J \VW\ 2 

Then |Si| > 1/(1 + 5), for all < d < d , R > 0. Next, choose d x so 
small and R > Ro(di) so that, for all t G [1, 2], E(t , d, R) < E c — ^d\. 
In addition, we can choose d\ < do- This is possible in view of (14.20)) . 
Now, for an e > to be chosen, find R\(e) so large that for R > R\(e), 
we have T]i (R, di) < e, where 771 is as in ()4.14j) . 
Consider next the set 

S 2 = S 2 (R,dx,e,M) 

= it e [1,2] : f \V x z dtR \ 2 + \d t z dtR \ 2 + \z dtR \ 2 * <Me). 

I >>3<|z|<8 J 
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Because of flUHJ), |S 2 | > (1 - V M )> and if we choose M = Mj so large 
that (1 - l/Mg) + 5/(1 + 6) > 1, we can find t = *o(-R, e) 6 S x fl S 2 . 
We then have: 

(4.22) y |V^(t )| 2 < y 2 \Vz d , R (t )\ 2 + C¥e 

< (1 - 5/4) J \VW\ 2 + CMe < (1 - 5/8) J \VW\ 2 , 
if we choose CMe < 6/8 J | W| 2 , R > R^e). 

(4.23) y e(h dtR )(t ) < J 6 2 e(z d , R )(t ) + CeM < E c - + CeM, 

for R > R (d 1 ), R > R\{e). If we now choose CeM < \d\, we have 
then 

(4.24) y e{h d>R ){t ) < E c 

for all R > Max(Ro(di), Ri(e)), e = e(-y,di,5) > 0. Let us now 
consider w R (x,t) to be the solution of (CP) with data at t = t , 
(hd 1 ,R(to),d t hd 1 ,R(to))- In light of the definition of Ec, w R (x,t) exists 
for all time and verifies, in view of Corollary 14.51 

r r 2(iv+i) 

(4.25) / \w R (x,t)\-^r dxdt<C dl , 7 , 
uniformly for all R > Max(Ro(d\), R\(e)). 

Next, observe that, by finite speed of propagation (Remark I2.12|) . 
w R (x,t) = z dtR (x,t) on U_ 2 < t <i(-B(0, 2 + t) x t). To justify the appli- 
cation of Remark 12.121 we approximate (uq,U\) and hence (u 0jR ,Ui jR ) 
by ( u or> u ir) which are in C£° x C^°. The resulting u R exists on any 
finite time interval, for j large by Remark 12.211 and the corresponding 
Zj R are now solutions of (CP) on each finite time interval. We then 

have, for j large, w R = z^ R on the required set, and a passage to the 
limit, (since x and t are in fixed bounded sets, we can apply Lemma 
gives the required identity. But then, 

2(JV+1) 

Fdi,i?| N ~ 2 dxdt < C dta . 

U (B(0,2+t)xt) 

-2<t<l 

We now use our change of variables (y, s) = &(x,t), and observe that, 
(for d 1 small enough), $(U_ 2 <t<i(5(0, 2 + t) x t)) D {(y,s) : < s < 

2(jV+l) 

1/4, \y\ < 1/4}. But then, we obtain J J \u R \ n - 2 dyds < C dli7 , for 

0<s<l/4 

bl<i/4 
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all R > Max(Ro(di), Ri(e)). If we now rescale the above interval, we 
find that for all R > Max(Ro(di), i*i(e)), 

2(iV+l) 

\u\ N - 2 dyds < Cd irr 

0<s<R/i 

\v\<R/4< 

2(N+1) 

But, since we have J J \u\ N ~ 2 dyds = +00, we reach a contradiction, 

s>0 

which establishes the proposition. □ 

5. Rigidity Theorem. Part 1: Infinite time interval and 
self-similarity for finite time intervals 

In this and the following section we will prove the following: 
Theorem 5.1. Assume that (uq,v,i) G H 1 x L? is such that 

E((u , Ul ))<E((W,0)), J |Vm | 2 < J \VW\ 2 ,J Vu . Ul = 0. 

Let u be the solution of [CP) with (w(0) , d t u(0)) = (uo,Ui), with maxi- 
mal interval of existence (— TL(w , T + (uq, Ui)). Assume that there 
exist X(t) > 0, x(t) e R N , fort e [0, T + (m , ui)), with the property that 

N / 1 fx-xH) \ 1 n fx-x(t) 

= r x ' i)= i^H^r'Vw s, H^r'' 



te [0,T+(uo,»i)) 

has the property that K is compact in H 1 x L? . 
Then, T + (w ,Wi) < oo is impossible. 

Moreover, if T + (uq,ui) = +oo and we assume that \(t) > A > 0, 
for t G [0, oo), we must have u = 0. 

Remark 5.2. This Theorem shows the rigidity of (CP) for optimal small 
data (consider the solution of (CP), u(x, t) = W(x)). The momentum 
condition is the ingredient which allows us to treat the nonradial situ- 
ation and is always true for a radial solution. Lemma 14.61 implies that 
we can choose x(t), \(t) continuous in [0, T + (u , Its proof also 
shows that we can preserve the property X(t) > A > 0. 

We next turn to the proof of Theorem 15.11 in the case when 
T+(Uq,Ui) = +oo, \(t) > Aq. 
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Assume that (uq,ui) ^ (0,0). Because of Corollary 13. 6| we have 
E((u ,Ui)) = E > and sup ||(Vw, d t u)\ L2 < CE as well as, from 

Theorem 13.51 

(5.1) J \V x u(t)\ 2 - K*)f > C-gJ \V x u{t)\ 2 
and 

(5.2) a J (d t u) 2 + (1 - a) Q |V^(i)| 2 - \u(t)f\ > C a E, 
for < a < 1. 

We will also be applying ()4.1()|) . which gives the following: 

Given e > 0, there exists Ro(e) > such that, for all t > 



( 5 - 3 ) f \n |2 , iv7 |2 , \ u 



2 



\d t u\ z + \V x u\ z + ^ + \u\ 2 * < eE. 

x+$$\>R (e) \X\ 

(Here we use the assumptions A(i) > A > 0, E > 0.) 

We will next summarize some algebraic properties that will be needed 
in the sequel. Let us fix G Cq°(M. n ), = 1 for \x\ < 1, <fi = for 
\x\ > 2, and also define, for R > 0, 

^r{x) = 4>{x/R), ^Pr{x) = x(j){x/R). 

We will set 





2 


\u 






2 


\x 





r(R)= / L> + \ u \ z + |V«r + \d t u\ z dx. 



Lemma 5.3. The following identities hold: for all t > 

i) d t ( / §(«9^) 2 + \ 1 V^| 2 - i |«| 2 *) = 

ii) d t J Vu.d t u = 

Hi) d t U^ R {x).Vud t u) = -f J(d t u) 2 + { -^ [j \V x u\ 2 - \u\ 2 *]+0(r(R)) 
iv) d t (J <f> R uu t ) = J(d t u) 2 - J |Vw| 2 + / \uf + 0{r{R)) 
«) $ {Wtu) 2 + | |V^| 2 - i |m| 2 *}) = - / Vu$u+0(r(i2)). 

Note that i) is Remark CHol ii) is (J2~2j) . v) follows from (Q, iv) 
follows from the arguments in the proof of Theorem 13 .71 and iii) follows 
by an integration by parts (and a limiting argument). 

We now will prove the lemmas crucial for our purpose. Recall that 
we can assume x(0) = 0. 
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Lemma 5.4. There exist e% > 0, C > 0, such that, if e G (0,ei) ; 
there exists Ro(e) so that if R> 2R (e), then there exists t = t (R, e), 
< t < CR, with the property that for all < t < t we have 



x(t) 



A(t) 



< R — Ro(e) and 



x(tp) 



A(*o) 



R - Ro(e) 



Proof. Since x(0) = 0, X(t) > A > 0, if not, for all < t < CR (where 



C is large), we have 



x(t) 



X(t) 



< R-Ro(e). Let 



ZR.{t) = J ^ R {x).V x UU t + (y - a) J (pRUUt, 



< a < 1. 



Then, by Lemma I5~31 and by ()5.2j) . 



z' R (t) 



f / (<W + 



'iV 



(iV-2) 



(<9^) S 



IVuI 



IVul 



|m| 2 * ) +0(r(i2))4 
I'T +0(r(R)) 



< 



-a / (d t u) 2 - (1 - 
-C a £7 + 0(r(i2)). 



a 



\u\ 



1 2* 



+ 0(r(i?)) 



But, for |x| > -R, x + > Ro{t), by our assumption, so that, by 

(PP . |r(fl)| < C7e£. Now, choose e, so small that z' R (t) < Note 
that < C\RE, so that, integrating in t, between and CR, 

CR—E < 2C X RE. 
2 ~ 

This is a contradiction for C large. □ 

Note that in the radial case, we have x(t) = (see [16]) and a con- 
tradiction follows from Lemma 15.41 This proof, using the momentum, 
is the algebraic counterpart of virial identity used in for the NLS 
equation. 

Lemma 5.5. There exist £2 > 0, -Ri(e) > ; Co > such that if 
R > Ri(e), t = t (R, e) is as in Lemma \h^\ then for < e < t2, 

t (R,e) > . 

e 

Proof. Let for t G [0,t ], 

y R (t) = 



i/jji(x)e(u)(x, t)dx. 
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Since j VuqUi = 0, because of ii) in Lemma f5. HI and v) in Lemma ESI 
we have \y' R (t)\ = 0(r(R)). Since for < t < t , if \x\ > R, then 



x + 



x(t) 



>R-(R-R (e)) = R (e), 



X(t) 

we have, integrating in t, 

\y R (t ) - y R (o)\ <CeEt . 

On the one hand, by (|5.3|) 

\Vr(Q)\ < CRo(e)E + 0(Rr(Ro(e))) < CE{R (e) + eR}. 
On the other hand, 



M*o)| > 



In the first integral, \x\ < 



x + 



A(io) 



+ 



A(to) 



< R, so that i/jr(x) = x. 



Note also that the second integral is bounded by MReE. Hence, 



M*>)| > 



x+^\<Ro(e) 



xe(u)(t ) 



- MReE. 



But, Jj 



x+^\<R (e) 



x(t ) 



xe(u)(t ) equals 



e(u)(t ) + 



X ^ J\*+T$h\<*0(t) J\*+^\<Ro(e) 



M*o) 



X + 



A(* )J 



e(u)(t ) 



x(t ) f , w x x(t ) 



*+$g|>*o(0 



e(u)(t ) 



■0+^\<Ro(e) 



X + 



A(t )J 



e(u)(* ). 



The first term is, in absolute value — i?o( e )]-E'? while the last two are 
bounded in absolute value by C(R — R (e))eE + CR (e)E. We then 
find: 

\y R (to)\ >(R~ Ro(e))E(l - Ce) - MReE - CR (e)E. 
The quantity on the right exceeds jE, if, for < e < e 2 we have 
(1-Ce- Me) > 1/2 and for R > R x {e) we have R/A > (1 + C)R (e). 
Thus, 

R 



—E - CE{R (e) + eR} < CeEt , 
which yields the result for < e < e' 2 and R > R[(e). 



□ 
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Proof of Theorem \5.1\ in the case when T + (uq,Ui) = +00. By Lemma 
for < e < ei, R > 2Ro(e) we have t {R,e) < CR, while by 
Lemma 1531 for < e < e 2 , R > Ri(e), t (R,e) > C R/e. Hence, 
for R > max(2 J R (e), J Ri(e)), e < min(ei,e 2 ), C R/e < CR, which is a 
contradiction for e small. □ 

We now turn to the start of the analysis of the case T + ((m , Mi)) < 
+00. By scaling we can assume, without loss of generality, that 

T + ((« ,«0) = 1. 
Recall, from Lemma [4.71 that 

C (K) 



(5.4) 

and, from Lemma 



X(t)> 



l-t 

that (after translation in x), 
(5.5) suppw(-,t) C B(0, 1 - t) and supp d t u(-,t) C B(0,1 - t). 

Lemma 5.6. Let u be as above. Then, there is C\{K) > such that 

d{K) 



l-t 



> A(t). 



Proof. Assume not. In light of Lemma l4~ol there exist t n f 1, such that 
A(t n )(l — t n ) \ +00. Consider now 

' N 



z(t) 



xVud t u + 



— a 



ud t u, 



< a < 1, 



which is defined for < t < 1 (recall (|5.5j) ). 
In view of Lemma 15.31 iii) , iv) we have 



z'(t) = -a / {d t uf - (1 - a) 



I V t mI 



\u\ 



1 2'' 



> C a E. 



Because of Corollary 13.61 (u ^ since T + ((uq,Ui)) = l) we have 
E((u , «i)) = E > 0, sup \\(Vu,d t u)\\ L2 < CE and 

0<t<l 

a J {d t uf + (1 - a) 
Then, we have 

z'(t) < -C a E, < t < 1. 

Moreover, ()5.5|) and Hardy's inequality give that z(t) > 0. Also, the 

assumption f Vu .Ui = and ii) in Lemma 1531 give that J Vu.d t u = 0, 
< t < 1. 
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Note that, integrating in t, z(t) > C a E(l — t). We have: 

x(t n ) 

— IV II I 'I II I 

2 



z(t n ) S( x + X M) Vud * U ^(N 

h — — a 



(l-t n ) (1-tn) 

We will show that 
(5.6) 



/ udtu 

(1 " Q 



> C a E. 



z{t n ) 



(1 - 1, 



yielding a contradiction. In fact, for e > given, 



1 



Next, note that 

x(t n 



X + 



J' [I'll, 



X(t Tl 



\Vu{t n )\\d t u{t n )\<CeE. 



(5.7) 



X(t r 



< 2(1 -t n ). 



If not, £(-#4, (1 - t n )) n B(0, l-t n ) = 0, so that 



A(t„) 



\Vu(x, t n )\ 2 dx = 0, 



while 



x+^\>(l-t n ) 



\Vu(x,t n ) 



\Vu(x,t n ) 



X(tn 



\y\>Ht n )(l-tn) 



\X(t n )x+x(t n )\>X(t n )(l-t n ) 
2 

>0, 



X(t 



by compactness of K, since X(t n )(l — t n ) — > +oo. But then, 

E((u(x, t n ), d t u(x, t n ))) 

(arguing for d t u in a similar way) which is a contradiction to E > 0, 
and thus establishing (|5.7|) . But then, 

x(t r 



(l-tn) i^+^l^d-^) 



X + 



X(t r 



\Vu(x,t n ) \ \d t u(x,t n )\dx 



< 3/ \\7u(x,t n )\\d t u(x,t n )\dx 

J\x+$$\>e(l-t n ) 

3 



< 



A(t, ^ 



»V ^|y|>e(l-t„)A(t n ) 



„ ,y — x(t n ) \ 



r, ( y-x{t n ) x 
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by compactness of K, and the assumption that A(i n )(l — t n ) f +00. 
This shows ()5.6|) for the first term in ^ ■ The second one gives the 
same result, using the same argument and the fact that 

and Hardy's inequality. □ 

Proposition 5.7. Assume that (uq,ui) is as in Theorem 15. il with 
T + (uo, Mi) = 1. Then supp Vu, Otu C B(0, 1 — t) and 

= |(i -t)T (Vu((l -t)x,t), d t u({l-t)x,t))} 

has compact closure in L 2 (M. N ) N x L 2 (M Ar ). 

Proof. We first claim that 

(1 -t)-(Vw((l -t)(x-x(t)),t), &u((l-*)(z-a;(t)),*)) 

has compact closure in L^R^)^ x L^R^). This is because C (K) < 
(1 — t)X(t) < C\{K) and if K is compact, 

Ki = [X^v(Xx) : v e K, c < A < Ci) 

also has the property that ii'i is compact. Next, let 

v( x ,t) = (1-<)t(Vm((1 -t)x,t), d t u{{l-t)x,t)), 

so that t) = v(x + x(t),t), where 

v(x,t) = (1 -t)T(V«((l -t)(x-:r(t)),t), 9 f M((l-t)(x-a;(t)),t)). 

Note that, by (|5.5|) . supp-u(— , t) C {x : \x — x(t)\ < 1}. The fact that 
E > and the compactness of v(x, t) and preservation of energy now 
imply that \x(t)\ < C. But, if 

K 2 = {v(x + Xq) : v G ifi, |xo| < C}, 

is also compact and hence the Proposition follows. □ 

6. Rigidity Theorem. Part 2: Self-similar variables and 
conclusion of the proof of the rigidity theorem 

In this section our point of departure is Proposition 15.71 
For this case, in |16j . we proved an extra decay estimate which allowed 
us to use the L 2 invariance and get a contradiction. 
Following Merle and Zaag (j2H|, see also pQ) we will introduce self- 
similar variables to show that a solution as in Proposition 15.71 cannot 
exist. Merle and Zaag considered the case of power non-linearities 



x + 



A(t r 



\u(x,t n )\ 



x 4- 



\d t u(x,t r 
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|tt| p ~ it which have p < 1 + jrzi, while here we consider the energy 
critical case p — 1 + Ty^f- Nevertheless, many of the calculations in 
j2H| also apply to our case and one can use an extra Liapunov function. 
We remark that a similar structure exists in the case of nonlinear heat 
equations, as has been used by Giga and Kohn jH] and others ([24J). 
Again here, we obtain some extra decay estimates which allow us to 
reduce to an elliptic problem with no solution. 

We now set, 

y = x/(l-t), s = -log(l-t), 0<t<l 

and define 

N-2 (N-2) 

(6.1) w{y, s, 0) = (1 - t) — u{x, t) = e- s ^u{e~ s y, 1 - e~ s ). 

Note that w(y, s, 0) is defined for < s < +oo, and that supp w(—, s, 0) C 
{\y\ < !}• We also consider, for 5 > 0, small, 

x 

V = T~x — 7' s = -log(l + <5-t), 
1 + o — t 

(6.2) w(y, s,5) = {l + 5- t)^u(x, t) = e" s ^ u(e~ s y, 1 + 5- e~ s ) 
Note that w(y, s, 5) is defined for < s < — log 5, and that 

i ^^ fi , e~ s -5 (1-t) , r 

suppM-,*) c |m < = IITT - 7y < 1 - s 

The w solve, in their domain of definition, the equation (see [23]): 

^2 1 •,. / „ / „ x x N(N-2) 
o:w =— div (pvw — p{y.\w)y) w 

(6.3) s P K 1 4 

_l_ \ w \— w - 2yVd s w - (N - l)d s w, 

where p — (1 — |y| 

Lemma 6.1. For 5 > /ixed, i/ie following hold:For s £ [0, — log 5), 
z) suppw(-,s,5) C < < 1 - Sj 

suvpd s w(-,s,8) <z[\y\< <l~s} 



|2\-I 

2 . 



s, <5) £ H^(Bi) and 



\wf dy <C, / (V^l 2 < / |W| 2 



kl 2 + — <C, / |<9 s w| 2 < C. 



1- V 
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Hi) 

J (\Vw\ 2 + \d sW \ 2 + M 2 + M 2 *) iog(i/(i - \y\ 2 ))dy < c\o g {- 5 , 



iv) 

C 



J (|Vuf + \d s w\ 2 + \w\ 2 + \wf)(l - \y\ 2 )- 1/2 dy < 



5 1 ' 2 ' 



Proof. The first part of i) was pointed out after (jfi.2j) . For the second 
part, we have, using the notation in (|fi.2j) . 

(N-2) (iv-2) 
d,w(y, s,6)=- J e- s —u(e- s y, 1 + 5 -e s ) 

( 6 - 4 ) +e- s e~ siE ^ 1 d t u{e- s y,l + 5-e- s ) 

(N-2) 

- e~ s e~ s ^~y.Vu{e~ s y, 1 + 5- e~ s ) 

and i) follows from (|5.5jl . 

ii) follows from the support property of w, which gives w(—, s, 5) G 
Hq 2 (Bi), a change of variables in y and ()3.4|) . Sobolev embedding and 
Corollary 13.61 the Hardy inequality ([3], for example) and ()6.4|) . 

For hi), iv), note that on supply, supp<9 s w, we have (1 — \y\ 2 ) > 
1 - (1 - 5e s f = 25e s - 5 2 e 2s > 5, for 5 small, < s < - log 5. □ 

For w(y, s, 5), 5 > as above, we now define (see [2"3~] ) 
E(w(s))=J {\[{d s w) 2 + \S7w\ 2 - (yVw) 2 } 



(6.5) 



N(N-2) 2 (jV-2) |2 .i 
H ur w 1 



2N J (1 - \y\ y/ 2 



Proposition 6.2. Let w = w(y,s,5), 5 > be as above. Then, for 
< si < s 2 < log(-j), i/ie following identities hold: 



i) E(w(s 2 )) - E(w( Sl )) = £ J Bi 



(1-12/ 



,,,,,, (1+A f ) ? .,2\ 



«2 



ds 



32 ~ i r 2 r \w 

E(w(s))ds + 

si 



+ 



n< (d s w) 2 + d s wy.S7w + 



n j si j Bl (i - \ y \y/i 

d s ww\y\ 2 \ dy 

(i-M 2 ) J (i-M 2 ) 1/2 ' 
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in) lim E(w(s)) < E = E(uq,ui). 

Proof. For i) see the proof of Lemma 2.1 in j2H|. For ii), see the proof 
of (11) in [2H]- We turn to the proof of iii). We analyze term by term, 
using the notation in ([6.2)1 . 



w 2 



Bi 



(i-\yf) 1/2 



(l + S-t) N - 2 \u((l + 5-t)y,t)\ 2 <Uj 



'[ V [<(i-t)/(i+«-t) ' ' (1 - \y\ ) 1/2 

< cf (l+6-t)- 2 \u(x,t)\ 2 ^ 



'\x\<l-t 

C_ 

^"M-t) a U|,|<(H rr,,;i ~~J 



< sTWT-i ~ \ ^ ( f \u(x,t)\ r dx) 2/2 (l-tf N ,0. 



t-»i 



\w\ 



1 2* 



fll (i-\y\ 2 y/* dy 

dy 



(l + 5-tr\u((l + 5-t)y,t)r 



\y\<(l-t)/(l+8-t) " (1 - \y\ 

2 * dx 



\u(x, t)\ 



mW""'"" (1-|Z/| 2 ) 1/2 



Recall that \y\ 2 = jj^—m ? and assume that 1 — e8 < t < 1. Then, we 
have -r^r < (1 - M 2 ) 1/2 < 1, since |x| < (1 - t). Thus, 



(e+l) 



I 1 2* 

W / , |2 * 



2 , /n dy > J \u(x, t)\ dx, 



, Bl (i - |wr)va - y w<1 _« 

and a similar computation gives that 

/* I XV I ^ If 

/ 9 — r^y < t; ttt^" / |Vu| 2 ote. 

y fll (1-bi 2 ) 1 / 2 (i+e) i/2 yN<i-t' 

Also, 

|2 



/ (y-vw) 2 — = [ 



dy f \x.V x u(x,t)\ dx 

2\ 



(i-M) 1/2 M<d-t) a + s-t) 2 (i - |2/| 2 )V2 



1 f ,w„.^.m2^ 



2 



<7T-^ \V x u{x,t)\ dx . ' - ' >0 



(l + e)7 N < (1 V V ' " (1 + 5-t) 2 t 



ENERGY-CRITICAL FOCUSING WAVE 

With these computations and ()6.4|) we see that 

,2 dy 1 
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lim - 

t->i 2 



\d s w\ 



\d t u\ dx : 



;i - m 2 ) i/2 2 

which combined with the previous calculations yields iii). □ 

Corollary 6.3. For s G [0,log(|)) ; we have 

-C/5 1/2 < E(w(s)) < E. 

Proof. The first statement follows from Proposition 16.21 i). iii), while 
the second one follows from Lemma f6.1| iv) and ()6.5jl . □ 

Using space-time estimates, we now obtain our first improvement of 
the space decay of w. 



Lemma 6.4. For 5 > 0, we have 



\d s w\ 



-dyds < Clogi 



1, 



Proof. We start out with the readily verified identity 



d 
ds 



\(8,wf+\(\Vw 



+ 



(^-2) 
2N 

[log(l 



\w\ 



(-log(l - M 2 ))d?/ 

! ) + 2]y.V^ s w - / log( 1 - \y\ z )(d s wf ~ 2 / (d s wf 



-2 



(d s w) 



'I 



We now integrate between and 1, change signs. In the estimate of 
the left hand side, we can drop the term Jlog(l — \y\ 2 )(d s w) 2 since it 
is negative. The ^ term, and the J (d s w) 2 term are controlled by 
Lemma f6. II fusing — log(l — \y\ 2 ) < Clog(i)). It remains to bound 



log(l — \y\ 2 ) + 2 y.Vwd s wdy ds 




x 



(i /( 1 -I^| 2 )l 1 °g(l-Il/| 2 ) + 2| 2 |V W | 2 ^^ . 



The second factor is bounded because of Lemma 16.11 ii). The proof is 
concluded by using ab < ea 2 + -b 2 . □ 



Lemma 6.5. For 5 > 0, we have 
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^)/oV Bl (i^<C'(log(|)) 1/2 , 

a) EHi))>-c|io g (i)| 1/2 

Proof. We will use Proposition 16.21 ii) to handle i). We have 
1 



\w\ 



N J J Bl (1 - \y\y/* 

= 2 J Bl 



dy ds 



(1 + AQ 2 

OofflW w 



dy 



(i-M 2 ) 1/2 J 

- I \ {d s w) 2 + d s wy.Vw + d s w— 
Jo JB X I (1 



w 


y 


2 


(1-1 


y 


2 ) 



+ / E{w{s))ds 

o -A) 



By Proposition 16.21 i) and hi), the second term on the right hand side 
is bounded by E. The first term on the right hand side is bounded 
using Lemma fo. II ii) and Cauchy-Schwarz. For the third term, because 
of the sign, we only need to consider the last two summands, which are 
bounded in absolute value by 



\d s w\ 



JB 





w 




(1- 




y 


2 ) 



+ |Vu>| ) dyds 



< 2 



\d s w\ 


2 


(1- 


V 


I 2 ) 



dyds 



w 



o Jb x (1 - y 



+ |Vw| dyds 



<C(log(i))" 2 , 



because of Lemma f6. II ii) and Lemma [6.41 This establishes i). 

To prove ii), we first consider j Q E(w(s))ds, which is bounded from 
below by — C(log(|)) by i). The monotonicity of E ((i) in Propo- 
sition IHI2J) concludes the proof of ii). □ 



We now obtain our second improvement of decay on w. 
Lemma 6.6. For 5 > 0, we have 
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Proof. Because of i) in Proposition I6.2| we have: 

l log ^J r {d sW f 



Bi 



y\ Y' 1 



= E(w (log(i) 3 / 4 )) - E(w(l)) <E + C(log(i)) 1/2 , 
where we have used Corollary 16.31 and Lemma f6.5l ii). □ 

Corollary 6.7. For each 5 > 0, there exists 3$ G (l, (log(|)) 3 / 4 ) such 
that 

^+(iog(l)) 1 / 8 r (d sW ) 2 , , 2C 

2 oin dyds < 



^(i-MT /2 "(Ml)) 178 

Proof. Split the interval (l, (log^)) 3 / 4 ) into disjoint intervals of length 
(log^)) 1 ^ 8 . The number of such intervals is of the order of (log( |)) 5 ^ 8 . 
For at least one such interval (is, s$ + (log^)) 1 ^ 8 ) , 
with ~s~s G (l, (log(|)) 3 / 4 ), we must have 

^ + (io g( i)) 1/8 , {dsW)2 2C(log(i)) 1/2 2C 



s s JB 



-dyds < 



iAi-\y\ 2 ) 3/2 ~ (iog(|)) 5/8 " (Ml)) 1 / 8 ' 

where C is the constant in Lemma f6.6[ which proves the Corollary. □ 
Remark 6.8. Let sg = — log(l + 5 — ts)- Note that 



1 + 5 -t s 



d < 5 l/4 ,0. 



'1 + 5 - t s ) e"^ ~ 5^0 



Let us now reduce the time evolution problem to a stationary prob- 
lem in the w variable (i.e. self-similar solutions). Pick 5j j 0, so that 



(l-^.)TV W ((l-^.)y,! a .), (l-t 5j )*d t u((l-t Sj )y,t s .)) — (Vu*X) 

in L 2 . This is possible by Proposition 15.71 Note that, because of 
Remark 16.81 and the compact closure of K in Proposition 15.71 we also 
have that 

((1 + Sj - t Sj )%Vu((l + 5j - t Sj )y,t Sj ), 
(1 + 5j - t Sj )%d t u({l + 5 3 - t Sj )y,t Si j) — + (VuJJ, ut) in L 2 . 
Let now u*, u* be solutions of (CP) with data 

/ _ fjV— 2) , _ _ N _JV / __ 

(^(1+^ -ta . ) ^ u (( 1 _t 6 . ) y , t 5 . ) 7 ( _t a . ) - d t u ( ( 1 +5j -t &j )y,t s 
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and (uq,uI) respectively, in a time interval [0, T*], independent of j, 
which we take to have T* < 1. By uniqueness in the (CP), we have 

(6g) M *( 2 /,r)=(l + 5 J -t 5j )^ 

+ 5j - t 5j )y, t 5j + (1 + 5j - t Sj )r) . 
Note that, supp u*{-, r) C {|(1 + Sj - t 5 .)y\ < 1 -t Sj - (1 + 6, -t Sj )r) 
and hence \y\ < , - -f , — r < 1 — r on the support of u*(— , r). 

(l + Oj J - J 

Similarly, 

su PP ^(-,r) C {y : \y\ < ( ^~^ } - r < 1 - r} . 

Let us compare the solutions in the self-similar variables. Recall from 
(P , that if s = - log(l + Sj - t), then 

(N-2) , . 

w(y,s,Sj) = (1 + Sj-t) * u((l + Sj-t)y,t). 

Define now r by £ = tg. + (1 + 5j — t$.)r, so that (1 + Sj — £) = 
(1 + Sj - t Sj )(l - t). Define also s = - log((l + 5,- - - r)). We 

then have 

(N-2) 

(67) w{y,s,Sj)^[(l + Sj-t Sj )(l-r)] 2 

«((i + ^ - t 5j )0- - T )y, h + (! + 5 i - **M • 

If we now set 

s > = _ l 0g (i - r ), = and w*(y\ s') = (1 - r)^it,%, r), 

then is a solution of (|6.3|) . for < r < T*. But, because of 

(Q, 

= (l-r) 2 (l + ^.-t,.) 2 

u((l + - £*.)?/, £ 5j + (1 + ^ - £ 5j » 
= w(y',s,Sj), 

where s = - log(l + 5,- - £) = - log((l + Sj - t Sj )(l - r)) = - log(l + 

^ - t S;j ) - iogl 1 - T ) = + s', i.e., 

(6.8) w*(y',s') = w(y',s Sj + s',Sj). 

Consider also, 

w*(y',s') = (l-T)^u*(y,T). 

We clearly have supp u*(— , r) C {\y\ < (1 — r)} and w* solves ()6.3|) for 
< r < T*. Also, recall that (u*(-,T),d T u*(-,T)) -> («*(-, r), <9 T w*(- 



ENERGY-CRITICAL FOCUSING WAVE 53 

in H 1 x L 2 , uniformly for r G [0,T*], by continuity in (CP). But then 
if < r < T*/2 = f and < s' < - log(l - T), we have that 

(w* j (-,s'),d 8l w* j (-,s')) — {w*(-,s'),d 3l w*(-s')) in Hi x L 2 



uniformly for < s' < — log(l — T). But, by (J6.8)) . we have: 
(6.9) 

(w(y',s 5j + s 1 ',5j),d a >w(y' ',s Sj +s',6j)) - ► s'), d s >w*(-, s')), 

in i^Q x L 2 , uniformly in < s' < — log(l — T) and w* is a solution of 
(jHSD and swpv(w*{-,s'),d s ,w*{-,s')) C {\y\ < l}. 

Lemma 6.9. Let w* be as above. Then, 

w*(y' , s') = w*(y') and w* ^ 0. 

Proof. Let S 1 = — log(l — T) and choose j large. Then 

' (^V^')) 2 , o,^ , f S f {dMy'rs S] +s',5 3 )) 2 




, , — - dy'ds < lim / / — — ya - " J — ' J " dy'ds 

by ()6.9j) . The right hand side is bounded by 

i^A,, A, (i-|</1) 3/2 " j-~/ vb V ; 

by Corollary 16.71 This shows that w*(y', s') = w*(y'). 

To show that ^ 0, assume = 0. Then, by ()6.8|) and ()6.9j) . 

we would have V y >w(y', s^., 5j) — > in L 2 (M Ar ), so that (1 + Sj — 

t 5j )%V y u((l + 5j - t Sj )y,\) -> in L 2 (M iV ). Because of Corollary 
ESI we have, for < t < 1, |Vw(x,t)| 2 + |<9 t w(x, t)| 2 dx > CE > 0. 
But, 

y \Vu(x,t s .)\ 2 dx = j (l+Sj-ts^Vyudl + Sj -t Sj )y,t Sj ) dy — ► 0, 
so for j large we obtain 

(6.10) / |^M(x,^)| 2 rfx > CE/2. 

But, by (|6.9|) and the fact that d s iw*(— , s') = 0, we see that 

d s w(y' jSSj, Sj) — > in L 2 (M iV ). We now use the formula ()6.4|) . which 
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gives 

(N — 2) - (jv-2) , , _ . 

d a w(y , ,s Sj ,S j ) = - 2 ' {I + 5j - t Sj ) 2 it((l + <Jj - t 5j ) + 



— N / — — 

+(1 + ^ - + 5, - t Sj )y', t 6j ) - 

-(1 + Sj - t 3j )fy'Vu((l + S d - t 5j )y'~t 5j ). 



N_ 

vj ) h ■ - v \ - ■ - j - , a i - u 3 j 

From our assumption, we see that, since \y'\ < 1, the L 2 norm of the 
last term goes to 0. The same can be said for the L 2 norm of the 
first term, by Sobolev embedding. But this contradicts (jfi.K)j) . so that 
w* £ 0. □ 

Proposition 6.10. Let w* be as above. Then, w* G Hq(Bi), 
Ibx fei^p)a < 00 an d w * so ^ ves th e (degenerate) elliptic equation 

(6.11) -^div(pVw* - p(y.Vw*)y) - ^ — —w* + \w*\^ w* = 0, 

where p(y) = (1 — |y| 2 ) _1 / 2 . 
Moreover, w* ^ and 

' (1 - |y| 2 )V2 J (1 - |y| 2 )V2 

Remark 6.11. We will see that ()6.12j) are the critical estimates which 
allow us to conclude the proof. 

Proof. It only remains to prove (|6.12j) . Because of ()6.9j) and Lemma 
16. 9^ to bound the first term in ()6.12|) it suffices to show that 

f \w(y',s',5 3 )f 



;i - i2/f) 1/s 



-dy ds < C, 



where C is independent of j. In order to show this, we use ii) in 
Proposition 16. 2[ so that 



N.L, L <i-\yfy» dyds= L, E[w[s))ds 

1 



+ 2 



rs Sj +S r I ■ 

/ / { (d s w) 2 + d s wy'.Vw + — 

Js S , JB! I (1 



(1 + iV) 2 \ dy' - 1 - s 



^ 



/| 2 U/ 2 



wd s w 


1?/ 


2 


(1-1 




2 ) 



\yfy/2- 



The first term of the right hand side is bounded by Corollary 16.31 the 
second one by Lemma l6~T1 ii). To bound the last one we only need to 
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estimate the last two summands. To bound the last summand, we use 
Cauchy-Schwarz to bound it by 

r ^v^V7 r +s [ ^ w 1/2 

<C(log(l/^f 1/16 , 
by Lemma f6 . II ii) and Corollary 16.71 

To bound the second summand we use Cauchy-Schwarz to bound it 

by 

° Sj+s f 2 \ 1/2 f r sj+s f \d s w\ 2 , , x 1/2 

/ |Vw| dy'ds' J I / / - — S , it2 dy'ds' 



1 1 - \y'\ 



which can be estimated similarly This proves the first estimate. To 
prove the gradient estimate, use Corollary 16.31 and the previous proof 
to conclude that 

[ SSj+S I {\Vw(y\s\5,)\ 2 -(y\Vw(y\s\S J )Y}—^^ <C. 
Js 5 . Jb x l > (1 - \y'\ Y' 1 

Using ()6.9|) and Lemma l6~§l this leads to 

which concludes the proof. □ 

The contradiction which finishes the proof of Theorem 15.11 is then 
provided by the following elliptic result: 

Proposition 6.12. Assume that w G Hq(Bi), is such that 

i) J (jzj^j2 dy < oo (a consequence of w G H^(Bi)) 

jA f \w(y)f J , f \Vw(y)\ 2 -(y\>w(y)) 2 , 

n ) J ( i__| y |^)i/2 "2/ + J (uWW 2 V „ 

Hi) w verifies the (degenerate) elliptic equation f|6.11|) . 

Then, w = 0. 



Proof. We write again the equation (J6.ll)) . with p = (1 — |y 



2W1/2. 



4 



(6.13) - div(pVw - p(y.Vw)y) - — — w + \w\ N ~ 2 w = 0. 
Consider first the linear part 

Lw = - div(pViL> — p(y.Vw)y) = - div(p(J — y <8> ?/)Vw). 
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For \y\ < 1 — S, 8 > 0, L is a second order elliptic operator with smooth 
coefficients. Thus, the well-known argument of Trudinger (221 shows 
that w G L°°(Bi_s) and hence w G C 2 (Bi_$), where Bi_$ = {y : \y\ < 
1 — 5}, for each 5 > 0. From this and the classical unique continuation 
theorem of Aronszajn, Krzywicki and Szarski (see [2] and Section 
17.2) we see that if w = on 1 — 5 < \y\ < 1, we will have w = 0. 

In order to establish this for 1 — 5 < \y\ < 1, it is convenient to write 
our equation in polar coordinates (r, 6>), < r < oo, 9 G S 1 ^" 1 . In 
these coordinates, (|6.13j) becomes: (y = r6) 

(i _ r y/*|. (1 _ r2)1/ ^ + J_ Asl „ + _ r ^ 

' N(N-2) , 4 

= — -w - \w\ N - 2 w, 

4 1 1 

where Ag denotes the spherical Laplacian on S 1 . 

For 1 — 8 < r < 1, we perform the change of variables v(s,6) = 



w(r(s), 6), with r(s) = 1 — - ^ . For suitable 8, we have 1 — 5 < s < 1, 
when 1 - 5 < r < 1. Also, r'(s) = (1 „ r r ff ) i/ 2 = 1- Since 

(1 + r(a)) 1/a *) = (1 - r 2 ^)) 1 / 2 ^^), 0), 

w verifies the equation 

9 , NNl /o<9f 1 1 . 

^ (1 + r(g)) ds + (l + r(s)y/^ 6V 
+ (A^l) (1 _ r(s)2) i/ 2 ^_ iV(iV-2) _ |«|^„ 



r(s) v w 7 9s 4(l + r(s))V2 (1 + r(s)) 1/2 ' 

The advantage of (jdl5|) is that it is elliptic, not degenerate elliptic, 
near s — 1 (or r = 1). Moreover, since (1 + r(s)) is bounded above and 
below and smooth, the coefficients in (|6.15|) are smooth. We now turn 
to some estimates for v, for 1— 8 < s < 1, # G S N ~ 1 . 

We first claim that 
(6.16) / / \v{s,8)f dsd6 < oo. 

Jl-5<s<l Js"- 1 



dr ( 



In fact, the integral in (I6.16jl equals / x _ i<r<1 J s n-i \w[s, VJi (1 _ r) i/ 2 » 
which is finite by virtue of ii). 

Next, we notice that, for 1 — 5 < \y\ < 1, 



\Vew{y)\ 



VW — I — .VW I -r— r 

1 2/ 1 
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and 



|Vu>| 2 — (y.Vw) 



1 (y.Vw) 2 + 



\y\ 



.Vw + 



V7 y vt y 

VW — —-.VW-r—r 

\y\ \y\ 
vt y vt y 

WW — —-.vw 



\y\ 



Thus, since w G Hq(Bi), ii) holds, we see that 

2 dr d9 



1-S<r<l J s N 



\V e w(s, 



1 1/2 



< oo 



and hence 

(6.17) / / \V e v{s, 

Jl-S<s<l JS"- 1 

Next, we show that 



ds d6 < oo. 



(6.18) 



!-<5<s<l JS 



dv , 



ds d9 



< oo. 



This estimate, combined with v G Hq 2 (Bi) is the one that forces v to 
vanish, since it means that the Cauchy data for the solution v of ()6.15|) 
vanishes. This is a consequence of the fact that w G Hq(Bi) and the 
degeneracy of ([6. 13)1 . On the other hand, f)6.16j) and ()6.17|) show that 
we are dealing with a "standard solution" to ()6.15|) . To obtain f!6.18|) . 
change variables. The integral equals 



/- / 



dw 
dr 



r{s),9) 



1-S<s<l 



l-5<r<l 



dw ( a\ 



\r'(s)f 

2 



■ds d9 



r'(s)\ 



ds dd 



d ^d6<C 
2 



!-<5<r<l 



9W ( Q \ 



drdd. 



Finally, a similar argument, using i) shows that 



(6.19) 



/ f- 

Jl-S<s<l J (1 



-ds d6 < oo. 



- s 



Once we have the estimates ()6.16|) . (|6.17j) . ()6.18|) and ()6.19|) . we 

define 



(6.20) 



v{s,9) 



v(s, 9) 1 - 8 < s < 1, 
1 < s < 2. 
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Since v(s,6) E H^(dsd9), for 1 - S < s < 1, in light of (l6~T7l) . (gUD 
and (jniH, v E H l {dsd£), 1 - 5 < s < 2, 9 E S N ~\ We claim that 
v solves ()6.15j) for 1 — 5 < s < 2: to show this, let rj(s, 6) be a test 
function. Let /x e (s) be a smooth approximation of the characteristic 
function of s < 1. We have to show that, 




lim 

40 




ds ds 



But, this reduces to showing that 



lim 

< C- 



< c 




l-2e<s<l- 



l-2e<s<l-e 



|77| (1 +r(s)) 1 / 2 



dv 



dv 



ds 



ds d9 



<9s 
0. 



because of ()6.18|) . We can now apply Trudinger's argument in the 
critical case [25| to v, to show that v E C 2 ((1 - S < s < 2) x S 1 ^ 1 ). 

Once we have this, ? e on 1 - <5<s<2, because of the fact that 
t;EE0forl<s<2 and the unique continuation theorem of PQ. 
(See also [TB], Section 17.2.) From this, we conclude that w = 0, as 
desired. □ 



Remark 6.13. One can skip the use of Trudinger's argument in [3Q] and 
use directly the more delicate unique continuation theorem of ^3], or 
rather its variable coefficient version, due to T. Wolff ( |4Uj ) . 



Remark 6.14. For this part of the argument, no size or energy condi- 
tions are needed. In addition, in the radial case, Lemma 16.11 and one 
dimensional Sobolev inequalities give that E(w(0)) is bounded in ab- 
solute value, which allows us to reduce directly to the elliptic problem. 

The results in this section yield the contradiction which completes 
the proof of Theorem 15.11 

7. Main Theorem 

In this section we establish our main result (see [23] and [21] for the 
subcritical case, where energy controls yield the result). 

Theorem 7.1. Let (u ,ui) E H 1 x L 2 , 3 < iV < 5. Assume that 
E[{uQ,Ux)j < E((W, 0)) . Let u be the corresponding solution of the 
Cauchy problem, with maximal interval of existence 
I = (— T_(m , Ui), T + (u , Mi)) . (See Definition \^TS[ ) Then: 
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i) If J\Vu \ 2 < / | VVT| 2 , then 

I = (—00, +00) and \\u\\ 2(n+i) < 00. 

T N-2 

ii) If J|Vu | 2 > J\VW\ 2 , then 

T + {uq,Ux) < +00, TL(m ,wi) < +00. 

Remark 7.2. J |Vuo| 2 = / |Viy| 2 is incompatible with the energy con- 
dition from (J22J). (Indeed, in this case E((uq,Ui)) > E((W,0))). 

Proof. To establish i) we argue by contradiction. If not, Ec, defined 
in Section 4, must satisfy r] < Ec < E((W, 0)). Let uc be as in 
Proposition l4.2l and assume that I + is finite. Then, by Proposition ^. 
/ Vmo.c-Wi,c = 0. But then we reach a contradiction from Theorem 
15.11 If I + is infinite, and \(t) > A > 0, Proposition 14.111 shows 
that j Vu 0j c u i,c — and Theorem 15.11 gives uq = 0, a contradiction 
because E((u c , d t u c )) = E c > r) . 

To conclude the proof, we need to reduce to case \(t) > A > 0, for 
t > 0, using the argument in the proof of Theorem 5.1 of 16^ (also see 
[22] for a similar proof). Recall that E((uc,d t uc)) = Ec > r]o > 0. 
Because of Lemma l4~T)| we can assume that there exist t n f +00 so that 
A(£ n ) — ► 0. After possibly redefining {t n }™ =1 , we can assume that 

X(t n ) < inf X(t). 

From Proposition 14.21 

1 / x - x (t n 

1 fx x(i n ) 



(w 0tn (x),wi, n (x)) = ( —j^uc , " ,t n 



A(* r . 



N 



d t u c ( ^y , *») ) — K «;i) in # 1 x L 2 . 



Note that £((w ,wi)) = E c . Moreover, / |Vw | 2 < / IVW^ 2 , by the 
corresponding properties of Uc and Theorem lri.51 Let Wq(x,t), t G 
(— T-(wo, wi), 0] be the corresponding solution of (CP). If T_(w , Wi) < 
00, then Proposition 14.21 and Proposition 14.11)1 yield J'Vwq.Wi = 0, 
and Theorem 15.11 and Proposition 14.21 give a contradiction. Hence 
T_(w ,Wi) = +00. Let w n (x,r) be the solution of (CP), with data 
(wo >n (x), Wi )n (x)), r G (— TL(u>o,n> w i,n)> 0]. Because of Remark 12.211 
lim T_(w 0) n, Wi, n ) = +00, and for any r G (— oo,0], 

(w n (x,r),d T w n (x,T)) — > (w (x,T),d T w (x,T)) 
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in H 1 x L 2 . Note that, by uniqueness in (CP), for < t n + -wr 



(7.1) U7 n (x, r) = n^T^c , , *n + 



A(t»)^ V A(t„) ' " A(t n 
Note that, 

lim(-T n ) = lim(t n A(t n )) > T-((w ,wx)) = +oo, 

n n 

so that for all r G (— oo, 0], for n large, < t n + -^-y < £ n . In fact, if 
— r n — > —t < oo, then 

W n (X, -T n ) = r N _ 2) U C w, v , 

d T w n {x, -r n ) = 1 N d t u c \ w^f"\ o j • 

A(t n ) 2 V A l t n 

would converge to (u>o(^> — r o), d T Wo(x, —To)) in H 1 x L 2 , with A(i n ) — > 
0, which is a contradiction from (uo,c,mlc) ^ (0,0), (wo,Wi) ^ (0,0). 

Next, note that we must have I^ols(_ooO) = +°°- Otherwise, by 
Theorem I2.2U[ for n large, TL(w; 0in , w^ n ) = oo and Iwnlgr-oo o) — 
uniformly in n, which, in view of (|7.1jl . contradicts ImcI^^+oo) = +°°- 

Fix now r G (— oo,0]. For n sufficiently large, t n + -w^-y > and 
\{t n + wt) is defined. Let 

1 fx-x(t n + ^-y) r 

-«C 7T. i rVS tn + 



1 / ^(^n + a77~t) T 
-d t U C — r— ; ,t„ - 1 



1 I x x n {r^ \ 1 ^ fx x n {r^j 



■- (N-2) W n I ~ , ' I , ~ jv-r-n 

A n (r) 2 V ^"V 7 ") / A n (r)2 \ A n (r) 



d T w n — , r 6 K 



with 



/*7 r)\ T / x + A(L)) . - ~ , , ( T X{t n 

(7.2) A„(r) = -r-^ > 1, x n {r) = x{t n + — — - ) 



HQ - ' nv 1 yn \{t n y A n (r)' 

Now, since -\-v ( X 7 X " ) > u in L 2 , with either A n — > or +oo, 

\ "2~ V n / n— kx> 

or — > oo implies that v = 0, we see that (since Ec > 0) we can 
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assume, after passing to a subsequence, that A n (r) — ► A(r), 1 < A(r) < 
oo and x n {r) — > x{r) G ~R N . But then 



An(r) 



(N-2) 



w 



X - Xn(T) 



A„(r) 



-d T w 



X - X n [T) 

An(r) 



G if. 



A„(r) 2 

But then, by Proposition 14.111 and Theorem 15.11 (wo,wi) = (0,0), 
contradicting E c = E((w ,Wi)). This proves i). 

For ii) note that if uq G L 2 , this is the result in Theorem 13.71 The 
proof of the general case is a modification of the one of Theorem 13.71 
Let A = \\(uo,Ui)\\ I j lxL 2 > 0. Recall that (from Lemma 12. 171 and its 
proof) there exists e > such that, for < e < e , there exists 
M = M (e), with 

\u(x,t)\ 2 



-dx < e, 



x 



I \V x u{x,t)\ 2 + \d t u(x,t)\ 2 + \u(x,t)f + 

J\x\>M +t 

for t G [0, T + (m , U\)). Assume that T + (u ,ux) = +oo to reach a con- 
tradiction. 

Let f{r) be a solution to the differential inequality (/ > 0) 

N 1 

(7.3) f(T)>Bf(T)—>, /(0) = 1. 

Then, the time of blow-up for / is r*, with < KnB~ 1 . 



Consider now, for R large, G C^°(B 2 ) 



1 on b < 1, < 6 < 1, 



2/fl(*) = y u 2 (x,t)4>(x/R)dx. 

Then, |/^(t) = 2 J udtU(p(x/R)dx, and, using the notation in Lemma 
15.31 we have that 



(d t u) 2 — \V x u\ 2 + \u\ 2 dx 



+ 0(r(R)). 



Arguing as in the proof of Theorem 13.71 we find that 

N 



y'k(t) > 2 



i + 



iV-2 



(d t uy<l>(x/R)+5o + 0(r(R)). 



Choose now e\ so small, and M = M (ei), as above, so that, for 
R > 2M , 0(r(R)) < e x , e x < 5 /2. We then have, for < t < R/2, 

y'kH) > s /2, 



(7.4) 



y'kit) > 2 



A^-2 



(d t u) 2 cj>(x/R). 
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Note also that 

(7.5) y R (0) < CM 2 A 2 + ei R 2 , \y' R (0)\ < CM A 2 + e x R. 

Let = 4CMoA> + 2e lR+ 2R^ ^ ^ j, < R/2) 

^0 



y' R (T) > T^ + y R (0)>2CM A 2 + e 1 R + R^T 1 -CM A 2 -e 1 R 

= CM A 2 + R^. 

Thus, there exists < t\ < T such that y' R {ti) = CM A 2 + Ry/ei, and 
for < t < ti, we have y' R {t) < CM A 2 + R*Je{. Note that, in light of 
(TT1) . y' R {t) > y^(*i) > 0, t > t x (t < R/2) and also 
rh 

y R (h) < y R (0)+ / y' R < y R {0)+t 1 (CM A 2 +R^/r 1 ) = yR^+hy'^h). 



32K N ■ 

beginning of the proof, and R so large that 4C ¥ oA - 2 < R. We then 



We next estimate T 



4CMoA? + 2^R + 2^R We firgt chooge £i go 
<5o <5o <5o 

small that ^ + < 5^77, where is the constant defined at the 

<5o <5q 



have T < %^R- We can also ensure T < ~. Thus, 

y R (h) < CM 2 A 2 + eiJ R 2 + rj-^(*x). 



iV 



If we now use the argument in the proof of Theorem 13. 71 for the function 
2//?( r ) = ynih + t), < r < i?/4, in light of lj7H|) . we see that, for 

(N-2) 



< r < i2/4, we have log(^(r))' > gf-^log^r))', so that, by 



integration, 



&(o) 



> 



VR\J) 
L3/fl(0)J 



(Jv-i) 

(JV-2) 



for < r < i2/4. 



Thus, if /(r) 



and 5 

S/s(0) 



yn{ti) 



, we have that / is a 



solution of (|7.3J) for < r < R/4. Thus, we must have 

h)„ . K N (CM 2 A 2 + t l R 

— Km < 



4 " y'nih, 



y' R (ti 



2 " R 



or 



1 ^(CM M 2 + eiJ R 2 ) _ A^CM 2 ^ 2 //? 2 + ei] 



CM A 2 R + ^[R 2 
< K N M Q /R + K N ^. 



[CM A 2 /R + ^ 
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By taking K^y/ei < and - J ^- a < ^ we reach a contradiction, 
which gives the proof of ii). □ 

To conclude, let us give some Corollaries of our main results similarly 
to the NLS case (We will refer to ^B] for the proofs, which are identical). 

Corollary 7.3. Let (u ,Ui) G H 1 x L 2 , 3 < N < 5. Assume that 
E({uq,ux)) < E((W,0)) and J \Vu \ 2 < J \VW\ 2 . Then the solution u 
of the Cauchy problem (CP) with data (u ,ui) att = has time interval 
of existence I = (— oo,+oo), and there exists (uq,±, ui,±) in H 1 x L? 
such that if we denote by v±(t) the solutions of (LCP) corresponding 
to these initial data, we have 

lim \\(u(t),d t u(t)) - (v±(t),d t v±(t))\\ 6lxL2 = 0. 

t — >±oo 

Moreover, if we define <5 so that E(uq,ui) < (1 — 5q)E{[W, 0)), there 
exists a function M(So) so that |w||s((--oo +0Q « < M(5 ). 

Let us give now a different version of the main result. 

Corollary 7.4. Let (uo,u\) in H 1 x L 2 and assume that for all t G 
(-T_(uo),T + («o)) we have j \Vu(t)\ 2 + \d t u(t)\ 2 < j \VW\ 2 - 5 , for 
5q > 0. Then the solution u of the Cauchy problem (CP) with data Uq 
at t = has time interval of existence I = (— oo, +oo), IM^"^ +OQ \\ < 
+oo. 

Corollary 7.5. Let 3 < N < 5, (u ,ui) G H 1 x L 2 (no size restric- 
tions) be such that T + ((uq,ui)) < +oo and 

Vt G [0,T + ((m o ,ui))), jf \Vu{t)\ 2 + |<9 4 w(t)| 2 < C7 . Then, we have for 
Xi(t) and Xz(t), and for all R> 0, 

lim / |V«(t)| 2 + \d t u(t)\ 2 >^f \VW\ 2 



t^T+{u ) J\x-xi(t)\<R 

lim / 

t^T+(u ) J\ x - X2 (t)\<R 



lim / |V«(t)| 2 + \d t u(t)\ 2 > / |W| 2 . 
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